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Abstract. In this paper, we study the topology of the boundaries of quasi- 
Fuchsian spaces. We first show for a given convergent sequence of quasi- 
Fuchsian groups, how we can know the end invariant of the hmit group from 
the information on the behaviour of conformal structures at infinity of the 
groups. This result gives rise to a sufficient condition for divergence of quasi- 
Fuchsian groups, which generalises Ito's result in the once-punctured torus case 
to higher genera. We further show that quasi-Fuchsian groups can approach 
b-groups not along Bers slices only when there are isolated parabolic loci. This 
makes it possible to give a necessary condition for points on the boundaries 
of quasi-Fuchsian spaces to be self-bumping points. We use model manifolds 
invented by Minsky and their geometric limits studied by Ohshika-Soma to 
prove these results. 

1. Introduction 

In the theory of Kleinian groups, after the major probleras hke Marden's tame- 
ness conjecture and the ending lamination conjecture were solved, the attention is 
now focused on studying the topological structure of deformation spaces. Although 
we know, by the resolution of the Bers-Sullivan-Thurston density conjecture (|12). 
[5], [32 J [23]: [33, [33), that every finitely generated Kleinian group is an 
algebraic limit of quasi-conformal deformations of a (minimally parabolic) geomet- 
rically finite group, the structure of deformation spaces as topological spaces is far 
from completely understood. For instance, as was observed by work of Anderson- 
Canary ([2]) and McMullen ([28]), even in the case of Kleinian groups isomorphic to 
closed surface groups, the deformation spaces are fairly complicated, and in partic- 
ular are not manifolds since they have singularities caused by a phenomenon called 
"bumping" . Actually, this kind of phenomenon also makes the deformation space 
not locally connected as was shown by Bromberg [13] and generalised by Magid 
[21]. 

The interior of a deformation space is known to be a union of quasi-conformal de- 
formation spaces of minimally parabolic Kleinian groups, which is well understood 
by work of Ahlfors, Bers, Kra, Maskit, Marden, and Sullivan. In particular, their 
theory implies that there is a parametrisation of the quasi-conformal deformation 
space by the Teichmiiller space of the boundary at infinity of the quotient hyper- 
bolic 3-manifold. Therefore, to understand the global structure of a deformation 
space, what we need to know is how the boundary is attached to the quasi-conformal 
deformation space. More concretely, we need to determine, for a sequence of quasi- 
conformal deformations given as a sequence in the Teichmiiller space using this 
parametrisation, first whether it converges or not, and if it converges what is the 
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limit of the sequence. Also, we need to know in what case sequences of quasi- 
conformal deformations can approach the same group from different directions as 
in the example of Anderson-Canary and McMuUen. This paper tries to answer 
such problems for the case of Kleinian surface groups using the technique of model 
manifolds of geometric limits which we developed in Ohshika-Soma [35,. 

The interior of a deformation space of Kleinian surface group AH{S) is the 
quasi- Fuchsian space QF{S). The parametrisation in this case is the Ahlfors-Bers 
map qf from T{S) x T{S) to QF{S) giving the Ahlfors-Bers parametrisation. The 
celebrated work of Bers on compactifying the Teichmiiller space ([!]) shows that 
in AH{S), the subspace of QF{S) in the form T{S) x {pt.} or {pt.} x T{S) is 
relatively compact. Considering a quite different direction in QF{S) (with respect 
to the parametrisation of Ahlfors-Bers) from that of Bers, Thurston proved that 
a sequence {{mi,ni)} € T{S) x T{S) converges if {rrii} converges to a projective 
lamination [A] and {rii} converges to [fi] both in the Thurston compactification of 
the Teichmiiller space such that every component of S'\ (AU/i) is simply connected 
([39]). 

In contrast to these results on convergence, we showed in ([33]) that if {to;} and 
{n-i} converge to arational laminations with the same support, then {qf{mi,ni)} 
always diverges. Since the Teichmiiller space of S is properly embedded in AH{S) 
as a diagonal set of T{S) x T{S), this may look very natural. However, there is 
an example by Anderson-Canary in [2 which shows that for a given hyperbolic 
structure mg, if we consider (T*(mo), T^*(mo)) € T{S) x T{S), where t denotes 
the deformation of the metric induced by the Dehn twist around a simple closed 
curve 7 on S, then its image q/(T*(mo), T^*(mo)) in ^^^(5*) converges. These two 
results show us the situation is quite different depending on the types of the limit 
projective laminations. 

In the case when T{S) has dimension 2, i.e., if S is either a once-punctured 
torus or a four-time punctured sphere, a measured lamination is either arational 
or a weighted simple closed curve, which means that there is nothing between 
these two situations above. In this case, Ito has given a complete criterion for 
convergence/divergence ([20]). In the general case when T{S) has dimension more 
than 2 however, there is a big room between these two extremes. 

Therefore quite naturally, we should ask ourselves what would happen in the 
cases in between. One of our main theorems in this paper (Theorem [3|) is an answer 
to this question. Consider sequences {rrii} in T{S) and {ui} in T{S) converging to 
[fj.'^] and [fJ.~] such that their supports and | share a component which is not 
a simple closed curve. We shall prove that {qf{mi,ni)} diverges in AH{S) in this 
setting. More generally, we shall show that if /i+ and /i^ have components fJ.Q,iJ.Q 
whose minimal supporting surfaces share a boundary component, then {qf{mi, n^)} 
diverges. 

This theorem is derived from another of our main results. Theorem [21 which 
asserts that if {qf{mi, rii)} converges, then we can determine the ending laminations 
of the limit group by considering the shortest pants decomposition of rrii and rii 
and their Hausdorff limits. It also implies Theorem [1] stating that if we consider 
the limit of {rui} and {rii} in the Thurston compactification of the Teichmiiller 
space, then every non-simple-closed-curve component of the limit of {rrii} is an 
ending lamination of an upper end of the limit, and every non-simple-closed-curve 
component of the limit of {rii} is that of a lower end. For a simple closed curve 
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contained in the limit of {rrii} not contained in that of {rii} is a core curve of the 
parabohc locus of the limit group. A similar thing holds for a simple closed curve 
in the limit of {rii} not contained that of {rrii}. These combined with Theorem 
|6] can be regarded as a partial answer to the problem of determining limit groups 
of sequence of quasi-Fuchsian groups given in terms of the parametrisation by the 
Teichmiiller spaces. 

In the case when the laminations and \fi^\ share only simple closed curves, 
the convergence or divergence of the sequence depends on whether there is a shared 
component which is contained in the minimal supporting surfaces of other compo- 
nents of l/i+l or Theorem [5] asserts that if there is such a simple closed curve 
component, then the sequence diverges. Even in the case when such a component 
does not exist, {qf(mi,ni)} can converge only in a special situation which is anal- 
ogous to an example of Anderson-Canary [2]. Theorem [6] describes the situation 
where the sequence can converge. We should note that these are the best possible 
answers for divergence and convergence for sequence of quasi-Fuchsian groups when 
the asymptotic behaviour of the corresponding parameters are expressed in terms 
of the Thurston compactification of Teichmiiller spaces. 

The same example of Anderson-Canary also shows that there is a point in AH{S) 
where QF{S) bumps itself as explained above. In such a point, the self-bumping 
is caused by what is called the "exotic convergence" . A sequence of quasi-Fuchsian 
group is said to converge to a b-group exotically when the groups in the sequence 
are not contained in Bers slices approaching the one containing the limit b-group. 
The construction of Anderson-Canary gives a sequence converging exotically to a 
regular b-group. We shall prove such a convergence cannot occur for b-groups which 
do not have Z-cusps not touching geometrically infinite ends. 

As for self-bumping, we conjecture that such a phenomenon cannot happen for 
geometrically infinite b-groups all of whose Z-cusps touch geometrically infinite 
ends. What we shall prove is a weaker form of this conjecture: We shall show that 
if there are two sequences {qf{mi,ni)} and {qf{m'j^,n[)} both converging to the 
same geometrically infinite group all of whose Z-cusps touch geometrically infinite 
ends, then for any small neighbourhood U of the quasi-conformal deformation space 
of the limit group, if we take large i, then qf{mi, rii) and qf{m'^, n[) are connected 
by an arc in U . In particular this shows that under the same condition on Z- 
cusps, if the limit group is either quasi-conformally rigid or a b-group whose upper 
conformal structure at infinity is rigid, it cannot be a self-bumping point. More 
generally, even when there is a cusp not touching a geometrically infinite end, the 
same argument shows that a Bers slice cannot bump itself at a b-group whose 
upper conformal structure at infinity is rigid. This latter result has been obtained 
independently by Brock-Bromberg-Canary-Minsky [9^ by a different approach. 

Finally, in Theorems 1111 and II 2 [ we shall generalise the results for quasi-Fuchsian 
groups in Theorems [5] and [3] to general surface Kleinian groups. 

Our tools for proving all these theorems are model manifolds invented by Minsky 
|29| and their geometric limits studied in Ohshika-Soma |35j . The technique which 
we develop in this paper shows that model manifolds are quite useful for studying 
the asymptotic behaviour of sequence in deformation spaces. 
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2. Preliminaries 

2.1. Generalities. Kleinian groups are discrete subgroups of PSL2C. In this pa- 
per we always assume Kleinian groups to be torsion free. When we talk about 
deformation spaces, we only consider finitely generated Kleinian groups. However, 
we also need to consider infinitely generated Kleinian groups which will appear as 
geometric limits. We refer the reader to Marden [25 for a general references for 
the theory of Kleinian groups. 

Let S be an orientable hyperbolic surface of finite area. In this paper, we focus 
on Kleinian groups which are isomorphic to 7ri(S') in such a way parabolic elements 
correspond to punctures of S. We define a deformation space AH{S) to be the 
quotient space of 

R{S) — {{G, (p) \ (p : TTi{S) — > PSL2C is a faithful discrete representation 
preserving the parabaolicity with 0(7ri(S')) = G} 

by conjugacy in PSL2C. The space R{S) has a topology coming from the repre- 
sentation space and we endow AH{S) with its quotient topology. We denote an 
element of AH{S) also by (G, (p) for some representative of the equivalence class. 
We call (j) a marking of the Kleinian group G. 

The set of faithful discrete representations of 7ri(S') into PSL2K modulo con- 
jugacy constitutes the Teichmiiller space of 5*, which we denote by T{S). Then, 
T{S) is naturally contained in AH{S). More generally, the space of quasi- Fuchsian 
groups QF{S) lies in AH{S). A quasi-Fuchsian group is a Kleinian group whose 
domain of discontinuity is a disjoint union of two simply connected components. 
By the theory of Ahlfors-Bers, QF{S) is parametrised by a homeomorphism qf : 
T{S) X T{S) ^ QF{S). Here both TiS) and 7(3) are the Teichmiiller space 
of S, but the latter one is identified with T{S) by an orientation reversing auto- 
homeomorphism of S. For {m,n) S T{S) x T{S), its image qf{m,n) is obtained 
by starting from a Fuchsian group and solving a Beltrami equation so that the 
conformal structure on the quotient of the lower Jordan domain is m and that on 
the quotient of the upper Jordan domain is n. We call m and n the lower and upper 
conformal structures at infinity of qf^m, n) respectively. The set of Fuchsian groups 
corresponds to a slice of the form {qf{m, m)}. By the theory of Ahlfors-Bers com- 
bined with Sullivan's rigidity ^7\, we know that QF{S) is the interior of the entire 
deformation space AH{S). On the other hand, the Bers-Sullivan-Thurston density 
conjecture, which was solved by Bromberg [7], Brock-Bromberg ^ in this setting, 
or is obtained as a corollary of the ending lamination conjecture [IOI combined with 
[31], AH{S) is the closure of QF{S). 

By Margulis' lemma, there is a positive constant eo such that for any hyperbolic 
3-manifold, its eo-thin part is a disjoint union of cusp neighbourhoods and tubular 
neighbourhoods of short closed geodesies, which are called Margulis tubes. For a 
hyperbolic 3-manifold Af , we denote by Mq the complement of its cusp neighbour- 
hoods. 

Bonahon showed in [B] that for any {G,(j)) € AH{S), the hyperbolic 3-manifold 
H^/G is homeomorphic to S x (0,1). We denote by $ a homeomorphism from 
S X (0, 1) to M^/G inducing (j) between the fundamental groups. In general, for an 
element in AH(S), we denote a homeomorphism from S x (0, 1) to the quotient 
hyperbolic 3-manifold by the letter in the upper case corresponding to a Greek letter 
denoting the marking. Bonahon also proved the every end of (EI^/G)o is either 
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geometrically finite or simply degenerate. Here an end is called geometrically Bnite 
if it has a neighbourhood which is disjoint from any closed geodesic, and simply 
degenerate if it has a neighbourhood of the form S x (0, oo) for an incompressible 
subsurface T, of S and there is a sequence of simple closed curves {c„} on E which 
are homotopic to closed geodesies c* going to the end. For a simply degenerate end, 
the ending lamination is defined to be the support of the projective lamination to 
which [cn] converges in the projective lamination space PM£{T,). We shall explain 
what are laminations and the projective lamination space below. 

For (G, (/)) € AH{S), we choose an embedding / : S* — > H^/G inducing (j) between 
the fundamental groups. Such an embedding is unique up to ambient isotopy in 
M!^/G. An end of H^/G is called upper when it lies above f{S) and lower when it 
lies below ,f{S). Let G be a compact core of (EI^/G)o intersecting each component 
of Fr(lI^/G)o by a core annulus. Let P denote G PI Fr(IH^/G)o. Each component 
of P is called a parabolic locus of M.'^/G or G. Parabolic loci corresponding to 
punctures of S are called boundary parabolic loci. For non-boundary parabolic 
loci, those contained in 5 x {1} are called upper and those contained in 5 x {0} 
lower. The ends of (]HI^/G)o correspond one-to-one to the components of FrG. Since 
G is homeomorphic to 5 x [0, 1], each upper end faces a subsurface of 5 x {!}, which 
is a component of 5 x {1} \P. A non-boundary parabolic locus p in P is called 
isolated when the components of x {0, 1} \ -P adjacent to p (there are one or two 
such components) face geometrically finite ends, in other words, no component of 
S'x{0,l}\P facing a simply degenerate end touches p at its frontier. 

2.2. Laminations. A geodesic lamination on a hyperbolic surface 5 is a closed 

subset of S consisting of disjoint geodesies, which are called leaves. For a geodesic 
lamination A, each component of 5'\ A is called a complementary region of A. We say 
that a geodesic lamination is arational when every complementary region is simply 
connected. A subset I of a geodesic lamination is called a minimal component 
when for each leaf i of I, its closure 1 coincides with I. Any geodesic lamination is 
decomposed into finitely many minimal components and finitely many non-compact 
isolated leaves. 

A measured lamination is a (possibly empty) geodesic lamination endowed with a 
transverse measure which is invariant with respect to a homotopy along leaves. The 
support of the transverse measure of a measured lamination /i, which is a geodesic 
lamination, is called the support of /x and is denoted by When we consider a 
measured lamination, we always assume that its support is the entire lamination. 
The measured lamination space A4C{S) is the set of measured laminations on S 
endowed with the weak topology. Thurston proved that M£{S) is homeomorphic 
to M6g-6+2p^ where g is the genus and p is the number of punctures. A weighted 
disjoint union of closed geodesies can be regarded as a measured lamination. It was 
shown by Thurston that the set of weighted disjoint unions of closed geodesies is 
dense in MC{S). 

The projective lamination space 'PA4C{S) is the space obtained by taking a quo- 
tient of M£{S) \ {0} identifying scalar multiples. Thurston constructed a natural 
compactification of the Teichmiiller space whose boundary is VMjC{S) in such a 
way that the mapping class group acts continuously on the compactification. 

We need to consider one more space, the unmeasured lamination space. This 
space, denoted by UM.C{S), is defined to be the quotient space of M.C{S), where 
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two laminations with the same support are identified. An element in UM.C(S) is 
called an unmeasured lamination. 

For a minimal geodesic lamination A on S, its minimal supporting surface is 
defined to be a subsurface of S with geodesic boundary containing A which is 
minimal among all such surfaces. When A is a closed geodesic, we define its minimal 
supporting surface to be A itself. It is obvious the minimal supporting surface of A 
is uniquely determined. 

2.3. Algebraic convergence and geometric convergence. When {{Gi,(j)i)} 
converges to (r,ip) S AH{S), we say that the sequence converges algebraically 
to (r, ■)/)). We can choose representatives {Gi,(f>i) so that (pi converges to tp as 
representations. As a convention, when we say that {(Gi,0i)} converges to (F, t/i), 
we always take representatives so that {pi} converges to ■0. 

We need to consider another kind of convergence, the geometric convergence. 
A sequence of Kleinian groups {Gi} is said to converge to a Kleinian group Goo 
geometrically if (1) for any convergent sequence {ji^ G Gi^}, its limit lies in Goo, 
and (2) any element 7 e Goo is a hmit of some {gi £ Gi}. When (Gi, (pi) converges 
to (F, tp) algebraically, the geometric limit Goo contains F as a subgroup. 

When {Gi} converges to Goo geometrically, if we take a basepoint x in H'^ 
and its projections Xi £ M'^/Gi and Xoo & EI'^/Goo, then (]HI^/Gi,Xi) converges 
to (H'^ /Goo, 2)00) with respect to the pointed Gromov-Hausdorff topology: that is, 
there exists a (i^i, ri)-approximate isometry BniM^ /Gi, Xi) Bxini^^ /Goc,Xoc) 
with Ki — !■ 1 and — !■ cx3. 

2.4. Bers slices and b-groups. We fix a point mo G T{S) and consider a sub- 
space qf{{mo} X T{S)) in QF{S). This space is called the Bers slice over mo. 
Kleinian groups lying on its frontier are called b-groups with lower conformal struc- 
ture mo. 

Anderson-Canary [2j constructed a sequence of quasi- Fuchsian groups converging 
to a b-group whereas its coordinates in QF{S) do not approach a Bers slice. 

Definition 2.1. We say a sequence of quasi- Fuchsian groups {(Gi, (pi) = qfimi,ni)} 
converges exotically to a b-group (F, -0) if {(Gi, 0i)} converges to (F, tp) algebraically 
and both {mi} and {ui} go out from any compact set in the Teichmiiller space. 

The existence of exotic convergence is related to the singularities of AH{S) at 
its boundary. In fact, McMuUen showed in PB] that AH{S) has a singular point at 
infinity where QF{S) bumps itself. For a Kleinian surface group (F, ip) £ AH{S) \ 
QF{S), we say that QF{S) bumps itself at (F, -0), when there is a neighbourhood V 
of (F, tp) such that for any smaller neighbourhood U C V, its intersection with the 
quasi-Fuchsian space, U O QF{S) is disconnected. McMullen showed the existence 
of points where QF{S) bumps itself, making use of the construction of Anderson- 
Canary. 

We say that a Bers slice B{mo) — <?/({mo} x T{S)) bumps itself at (F, ip) when 
there is a neighbourhood V of (F, tp) such that for any smaller neighbourhood 
U C V, its intersection with the Bers slice, U B{mo) is disconnected. Up to now, 
it is not known if a Bers slice can bump itself or not. 

2.5. Curve complexes and hierarchies. In the theory of hierarchies invented 
by Masur-Minsky [27], we need to consider subsurfaces of a fixed surface S. We 
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say a subsurface is essential when it is a proper subsurface and each of its fron- 
tier component is a non-contractible, non-peripheral curve on S. When we talk 
about curve complexes, we usually regard essential subsurfaces as open subsurfaces 
without boundary, and call them domains of S. For a surface S of genus g and p 
punctures, we define £,{S) to be 3.g + p. We shall define curve complexes for ori- 
entable surfaces S with ^(S*) > 4 or ^{S) = 2. The curve complex CC{S) of S with 
£,{S) > 5 is defined as follows. (This notion was first introduced by Harvey 19 .) 
The vertices of CC{S), whose set we denote by CCa{S), are the homotopy classes of 
essential simple closed curves on S. A set of n -I- 1 vertices {vq, ■ ■ ■ spans an 
n-simplex if and only if they can be represented as pairwise disjoint simple closed 
curves on S. 

In the case when £,{S) = 4, the curve complex is a 1-dimensional simplicial 
complex. The vertices are the homotopy classes of essential simple closed curves 
as in the case when ^{S) > 5. Two vertices vo,vi are connected by an edge if 
their intersection number is 1 when S" is a once-punctured torus, and 2 when if 
5" is a four-times-punctured sphere. In the case when S,{S) = 2, we consider a 
compactification of S to an annulus. The curve complex is a 1-dimensional and the 
vertices are the homotopy classes (relative to the endpoints) of essential arcs with 
both endpoints on the boundary. Two curves are connected by an edge if they can 
be made disjoint in their interiors. 

A tight sequence in CC{S) with ^{S) > 5 is a sequence of simplices {sq, . . . , s„} 
with the first one and the last one being vertices such that for any vertices Vi € Si 
and Vj € Sj, we have dcc{s){''Jii'^j) = b ~ *li ^J^d Sj+i is homotopic to the union of 
essential boundary components of a regular neighbourhood of Sj U Sj+2- We also 
consider an infinite tight sequence such as {sq, . . . } or {. . . , Sq} or {. . . , sqi ■ • ■ }• In 
the case of surface with (,{S) = 2,4, we consider a sequence of vertices and ignore 
the second condition. 

For an essential simple closed curve c of S*, we consider the covering Ac of S 
associated to the image of 7ri(c), which is an open annulus. If we fix a hyperbolic 
metric on 5*, we can compactify the hyperbolic annulus Ac to an annulus Ac by 
regarding 7ri(c) as acting on and considering the quotient of U ri^i(c) by 
7ri(c). We call an essential simple arc with endpoints on dAc a transversal of c. 
A simple closed curve d intersecting c essentially induces i{c,d) transversals on c. 
Any two transversals induced from d are within distance 1 in CC{Ac). 

For a non-annular domain E in 5', we define tts : CCo{S) — >■ CC{Y?) U {0} to 
be a map sending c S CCq{S) to simple closed curves obtained by connecting the 
endpoints of each component of c H E by arcs on FrE in a consistent way if c 
intersects E essentially. Otherwise we define n^{c) to be 0. When E is an annulus 
we define tiy,{c) to be the lift of c to E if c intersects E essentially. (See §2.3 of 
Masur-Minsky ^27, for details.) 

A marking /x on a surface S consists of a simplex in CC{S) and transversals on 
some of its vertices (at most one for each). The vertices of the simplex are called 
the base curves of /x, and their union is denoted by base(/i). A marking ^ is said to 
be clean if every component c of base(/x) has a transversal and it is induced by a 
simple closed curve with intersection number 1 when c is non-separating and with 
intersection number 2 if c is separating, which is disjoint from the other components 
of base(/i). A clean marking /i' is said to be compatible with a marking /i when 
base(/x) — base(/i'), and every transversal of a component c in /i is within distance 
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2 from the transversal of c in /i' as vertices in the curve complex of an annulus with 
core curve c. A marking is called complete if its base curves constitute a pants 
decomposition of S. 

To deal with the case of geometrically infinite groups, we need a notion of gen- 
eralised markings. A generalised marking consists of an unmeasured lamination on 
S and transversals on some of its components which are simple closed curves. Also 
for a generalised marking fi, we denote the lamination by base(/^). We say that 
a generalised marking complete, if its base lamination is maximal, i.e. it is not a 
proper sublamination of another unmeasured lamination. From now on, we always 
assume markings and generalised markings to be complete. 

A finite tight geodesic on a surface S is a triple (g, I{g),T{g)), where 5 is a tight 
sequence and I{g) and T(g) are generalised markings on S which have at least one 
simple closed curve component, such that the first vertex is a simple closed curve 
component of the ha,se{I{g)) and the last vertex is that of ha.se{T{g)). The surface 
E is called the support of g and we write E = D(g). An infinite tight geodesic is 
defined similarly just letting T{g) be an arational unmeasured lamination to which 
Si converges as i — >■ 00 when g is in the form of {sq, . . .}. Similarly, by letting I{g) 
be an arational unmeasured lamination to which Si converges as i — > —00 when g is 
in the form of {. . . , so}, and by letting both I{g) and T{g) be arational unmeasured 
laminations which are limits of as i — ?> —00 and as i — >■ 00 respectively when g is in 
the form of {. . . , sq, . . . }. Refer to the following subsection form more explanations 
on the boundary of CC(E). 

We call an open subsurface of S whose frontier is non-contractible and non- 
peripheral, a domain. Let E be a domain of S. For a simplex s in CC(E), its 
component domains are defined to be the components of E \ s and annuli whose 
core curves are components of s. We consider only one annulus for each component 
of s. Let 5 be a tight geodesic in CC(E), and suppose that s is a simplex on g. Let E' 
be a component domain of s. (Such a domain is also said to be a component domain 
of g.) Then, following Masur-Minsky [27], we define T(E', g) to be succ(s)|E' if s is 
not the last vertex of g, and to be T{g)\T,' if s is. Similarly, we define /(E', g) to be 

d 

prec(s)|E' if s is not the first vertex of g, and to be /(g) |E' if s is. We write E' \ 17 

d d d 

or E' \ {g,s), if T{Yj',g) is non-empty, and <? E' or (g, s) E' if I{Yi',g) is 

d 

non-empty. If a geodesic A; is a tight geodesic supported on E' with (g, s) y/ E' 

d d 

and /(/c) = ,g\ then we write g k or (<?, s) fc, and say that k is directly 

d 

backward subordinate to g at s. Similarly, if E' \, {g, s) and T(fc) — r(E',g), we 

d d 

write k \i g or k \i (g, s), and say that k is directly forward subordinate to g at s. 

A hierarchy h on S, which was introduced by Masur-Minsky \27\ . is a family of 
tight geodesies supported on domains of S having the following properties. 

(1) There is a unique geodesic gt supported on S. 

d d 

(2) For any g E h other than g^, there are geodesies b, f E h with b g \ f . 

d d 

(3) For any b, f d h and a component domain E of &, / with b Y, \^ g {h 
and / may coincide), there is a unique geodesic k supported on E with 

d d 
b^k\f. 
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A hierarchy h is said to be complete if every component domain of geodesies in h 
supports a geodesic in h, and A-complete if every non-annular component domain 
of geodesies in h supports a geodesic in h. 

In our argument, it wih be necessary to loose a condition imposed on hierarchies 
slightly. In the definition above, for any geodesic g € h, its first and last simplices 
are assumed to be vertices. We loose this condition for the main geodesic and 
geodesies subordinate to the first or the last simplex of another geodesic. To be 

more precise, a geodesic g in h can have the first simplex which is not a vertex if 

d 

either g is the main geodesic or {g',v) g with the first simplex v oi g', and g 
can have the last simplex which is not a vertex if cither g' is the main geodesic 

d 

or g \ {g',v) with the last simplex v of g' . We call such h (satisfying all the 
other conditions for a hierarchy) a generalised hierarchy. Note that we are not 
saying that there is a generalised hierarchy connecting any given pairs of simplices. 
(It is easy to construct a counter-example.) In the situation where we need to 
consider a generalised hierarchy, its existence is guaranteed by construction. Once 
a generalised hierarchy exits, it is easy to check that all the constructions of slices, 
resolutions, and model manifolds work in the same way as in the case of a hierarchy. 

d 

We write g \ (/, v) if there is a sequence of geodesies in h such that g = fo \ 

d d 

/i \, . . . \, (/n, v) — (/, v), and say that g is forward subordinate to /. Similarly, 

d d 

we write (6, u) g if there is a sequence in h such that (5, u) ~ {b„i, u) . . . 

d 

bi )/^ bo — g, and say that g is backward subordinate to b. We use symbol \, to 

mean cither \, or = and to mean either Z' or —. 

In ^ we shall use the notions of slices and resolutions of hierarchies invented 
by Masur-Minsky [27]. We shall review them briefly here. Let h he a, complete or 
4-complete hierarchy. A sUce ct of /i is a set of pairs {g,v), where g is a, geodesic in 
h and is a simplex on g satisfying the following conditions. (Masur and Minsky 
call (7 satisfying the flrst three conditions a slice, and call it a complete slice if it 
also satisfies the fourth condition.) 

(1) A geodesic can appear at most in one pair of a. 

(2) There is a pair whose first entry is the main geodesic of h. 

(3) For each pair {g,v) in a such that g is not the main geodesic, D{g) is a 
component domain of a simplex v' for some (g' , v') € a. 

(4) For each component domain D of v for {g,v) G a with ^{D) ^ 3 ii h is 
complete and ^{D) > 3 if ft. is 4-complete, there is a pair {g',v') £ a with 
D{g') = D. 

Masur and Minsky introduced orders between pairs of geodesies and simplices 
in h and between shces. For two pairs (g, v) and (g', ■;;') of a 4-complete hierarchy, 
we write (g, f ) -<p {g' , v') if either g = g' and v' comes after v, or there is a geodesic 
g" with {g,v) \ {g",w) and {g",w') ^ {g',v') such that w' is a simplex coming 

after w. For two distinct slices a and r, we write cr ^ if for any {g, v) € a, either 
{g, ii) e r or there is {g' , v') e r with {g, v) -<p {g' , v'). 

A resolution t = {ci} of a 4-complete hierarchy h is an ordered sequence of 
slices of h such that (Ti+i is obtained from ai by an elementary forward move. An 
elementary forward move is a change of pairs in (7^: We advance {g,v) G (T; to 
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(5,succ(w)) under the condition that for every pair [g' ,v') supported on a compo- 
nent domain of v into which succ(z)) is projected to an essential curve, the simplex 
v' is the last vertex, and after removing all such {g' , v') we add pairs {g" , v") such 
that g" is supported on a component domain of succ(w) into which v is projected 
to an essential curve and v" is the first vertex of g" . 

A model manifold for a Kleinian surface group is constructed in Minsky [29] as 
follows. Let G be a Kleinian group with M = M'^/G. From an end invariant G, 
we shall construct a hierarchy of tight geodesies, ho- A clean marking is called 
shortest with respect to a conformal structure if its base curve is a shortest pants 
decomposition and transversal are chosen to be shortest among all of those having 
the same base curves, where we consider the lengths to be the hyperbolic ones. 
In the case when G is quasi-Fuchsian, we construct a hierarchy by defining the 
initial and terminal markings to be the shortest clean markings with respect to the 
upper and lower conformal structures at infinity. When Af has a totally degenerate 
end without accidental parabolics, we define the initial or terminal generalised 
marking to be its ending lamination. In general, we consider the union of ending 
laminations of Mq, parabolic loci for upper or lower ends, and shortest markings on 
the remaining geometrically finite upper or lower ends, and let them be terminal 
or initial generalised markings. 

Then, we construct a resolution {Ti{G)} of ha- In the resolution, we look at each 
step Ti[G) — > Ti-|_i(G) that advances a vertex on a 4-geodesic, from Wi to Wi+i. For 
such a step, we provide a block, which is topologically homeomorphic to S x /, 
where S is either a sphere with four holes or a torus with one hole. The block has 
two ditches, one on the top and the other on the bottom, corresponding to the two 
vertices Wi and Wi+i- The top and bottom boundary of a block consists of pairs of 
sphere with three holes. The model manifold is constructed by piling up such blocks 
by pasting a top component of one block to a bottom component of another, ac- 
cording to the information given by the resolution {ri(G)}, attach boundary blocks 
to the top and the bottom of the piled up blocks if there are geometrically finite 
ends of Mq, which have special forms and are constructed according to conformal 
structures at infinity of G, and then finally fill in Margulis tubes. In this paper, 
we let a boundary block have a form E x [s,t) or E x (t, s] for some subsurface S 
of iS", and do not put extra-annuli as in Minsky's definition. This is because we are 
constructing a model manifold of the non-cuspidal part, not of the entire manifold. 
By the same reason, in contrast to Minsky's original construction, we do not fill 
in cusp neighbourhoods to make it compatible with model manifolds for geometric 
limits developed in [35) . Each slice in {ri(G)} corresponds to a split level surface 
in the model manifold which is a disjoint union of horizontal surfaces in blocks 
which are spheres with three holes. Taking split level surfaces to pleated surfaces, 
a homotopy equivalent map from the model manifold to Mq is constructed. This 
can be modified to a uniform bi-Lipschitz map which is called a model map to Mq- 
See Minsky [29] and Brock-Canary-Minsky [10] for more details. 

2.6. The boundaries at infinity of curve complexes. It was proved by Masur- 
Minsky 264 that CC{S) is a Gromov hyperbolic space with respect to the path metric 
defined by setting every edge to have the unit length. For a Gromov hyperbolic 
space, its boundary at infinity can be defined as a topological space. (Refer for 
instance to Coornaert-Delzant-Papadopoulos [16].) Klarreich in [21] showed that 
the boundary at infinity of CC{S) is the space of ending laminations: that is, the 
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space of arational unmeasured laminations with topology induced from UML{S). 
This space is denoted by £C{S). 

We shall show the following lemma, which is an easy consequence of the definition 
of the topology of CC(E) U ££(!]). 

Lemma 2.2. Let {gi\ he a sequence of geodesies mCC(S) converging to a geodesic 
ray goo uniformly on every compact set. Then the last vertex of gi converges to the 
endpoint at infinity of goo with respect to the topology of CC(T.) U £C{'E). 

Proof. Let A be a measured lamination whose support is the endpoint at infinity of 
goo- We can assume that all the gi have the same initial vertex, which we denote 
by V. Let Wi be the last vertex of gi. Since the length of gi goes to infinity, the 
distance between v and Wi goes to infinity. On the other hand, since {gi} converges 
to goo on every compact set, there is a number rii.j going to oo such that the first 
Uij simplices of gi and gj are the same. Since {wi\wj)v > T^-ij, we see that {wi\wj)y 
goes to oo as «, j — > oo. Therefore, {wi} converges to some ending lamination after 
passing to a subsequence. By the definition of the topology on CC(S) U 
there is a measured lamination /i and positive real numbers such that {riWi} 
converges to ^. 

We need to show that |^| — \X\. Suppose not. Since {gt} converges to g^o 
uniformly on every compact set, we can take a simplex Vi S goo which is also 
contained in gi tending to |A| in CC(T,)U£C(Ti). Since |A| and are distinct points 
on the boundary at infinity, we have limsupj_yj^(wi|wi)t, < oo. This contradicts 
the facts that both Vi and Wi lie on the same geodesic gi and that both d{v, Vi) and 
d{v, Wi) go to oo. □ 

3. The main results 

In this section, we shall state our main theorems. 

3.1. End invariants of limit groups. We shall first state a theorem showing 
that for a limit of quasi-Fuchsian groups, the limit laminations of upper conformal 
structures at infinity appear as ending laminations of upper ends whereas the limit 
of lower ones appear as ending laminations of lower ends 

Theorem 1. Let {{mi,ni)} he a sequence in T{S) x T(5) such that {qf{mi,ni)} 
converges to (T^ip) in AH(S). Let [/x"*"] and he projective laminations which 
are limits of {mi} and {ui} in the Thurston compactification of the Teichmiiller 
space. Then every component o/l/z"*"! that is not a simple closed curve is the ending 
lamination of an upper end o/(IHI'^/r)o whereas every component o/|/i^| that is not 
a .simple closed curve is the ending lamination of a lower end. 

Moreover every simple closed curve in \fj.~^\ that is not contained in is a core 
curve of an upper paraholic locus. Similarly every simple closed curve in that 
is not contained in is a core curve of a lower paraholic locus. 

Simple closed curves contained both and will be dealt with in Theorem 

HI 

This theorem will be obtained by combining the following theorem with a simple 
lemma regarding the Thurston compactification of Teichmiiller space. 

Theorem 2. In the same setting as in Theorem [7J let Cmt and Cm he shortest 
pants decompositions of{S, mi) and {S, iii) respectively. Let v~ , be the Hausdorff 
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limits of {crm} and {cn-} respectively. Then the minimal components of that 
are not simple closed curves coincide with the ending laminations of upper ends of 
(EI"^/r)o. Moreover, no upper parabolic locus can intersect a minimal component 
of transversely. Similarly the minimal components of that are not simple 
closed curves coincide with the ending laminations of lower ends o/(H/r)o, and no 
lower parabolic locus can intersect a minimal component of v~ transversely. 

3.2. Divergence theorems. We shall next state our theorems on divergence of 
quasi-Fuchsian groups. In the following theorems, we shall give sufficient conditions 
for sequences to diverge . 

Theorem 3. Let {(mi,ni)} be a sequence in T{S) x T{S) satisfying the following 
conditions. 

(1) {nii} converges to a projective lamination € VMC{S) whereas {ni} 
converges to G 'PMC{S) in the Thurston compactification of the Te- 
ichmiiller space. 

(2) There are components pi^ of and pL^ of pf^ which are not simple closed 
curves and have the minimal supporting surfaces sharing at least one bound- 
ary component. 

Then the sequence {qf(mi,ni)} C QF(S) diverges in AH{S). 

Theorem [3] follows rather easily from Theorem [TJ If we use Theorem [2] instead 
of Theorem [H we get the following. 

Theorem 4. Let {rrii} and {ui} be sequences in T{S) and T{S) without con- 
vergent subsequences, and let Crm and Cm be .shortest pants decomposition of the 
hyperbolic surfaces {S,mi) and {S,ni) respectively. Suppose that Crm and Cm con- 
verge to pT and /i^ in the Hausdorff topology respectively. Suppose that there are 
minimal components Hq of n~ and pL^ of pL^ which are not simple closed curves 
and have minimal supporting surfaces sharing at least one boundary component. 
Then {qf{mi,ni)} C QF{S) diverges in AH{S). 

In the setting of these theorems, the case when Pq and Pq have the same support 
is most interesting. In fact, if they do not, it is much easier to prove the theorems 
just by using the continuity of length function in hyperbolic manifolds and the fact 
that ending lamination for a simply degenerate end is uniquely determined. Also 
the assumption that /ip and /ij are not simple closed curves is essential. In the 
case when fi~ and /i+ share simple closed curves, the construction of Anderson- 
Canary [2] gives an example of convergent sequence. Still, we can show the following 
theorem. 

Theorem 5. Let /i^ and /i+ be two measured laminations on S such that the 
components shared by and are all simple closed curves, which we denote 
by Ci,...,Cr. Suppose that at least one of ci,...,Cr lies on the boundary of the 
minimal supporting surface of a component of either p~ or /i+ . Then for every {mi\ 
converging to [p^] and {ni\ converging to [p'^] in the Thurston compactification of 
the Teichmiiller space, the sequence {qf(mi,ni)} C QF(S) diverges in AH{S). 

In the case when none of ci Cr lies on the boundary of minimal supporting 
surface of a component of p~ or we need to take into accounts the weights on 
a, . . . ,Cr, as was done in Ito [20] in the case of once-punctured torus groups. 
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Theorem 6. Consider, as in Theorem\^ sequences {nii\ and {ni\ converging to 
[/i^] and [l-i^] respectively whose supports share only simple closed curves ci, . . . ,Cr. 
Suppose that none of ci , . . . , lies on the boundary of the minimal supporting 
surface of a component of fi^ or Then {qf{mi,ni)} converges after taking a 
subsequence only if the following conditions are satisfied. 

(1) For each Cj among ci, . . . ,Cr, neither lengthy, (cj) nor length„. (cj) goes to 
0. 

(2) There are sequences of integers {p]}, ■ . ■ , {p^}, {q}}, ■ • • , and constants 
a, 6 G Z such that the following hold after passing to a subsequence: 

(a) If \ \ U^j^iCj is non-empty, then {tcI o ■ ■ ■ o Tc^ converges 
to [fi^ \ Uj^iWjCj] in the Thurston compactification, where Wj is the 
transverse measure on Cj in fi^ and t^- denotes the Dehn twist around 

Cj . Otherwise {tcI o • • • o Tc^ )^,(mi) either stays in a compact set of the 
Teichmiiller space or converges to a projective lamination [v"] which 
contains none of leaves. 

(b) Similarly, i/ \U^^]^Cj is non-empty, (tcI o • • -otc^ converges 
to [pL^ \ U^^j^WjCj] in the Thurston compactification, where vj is the 

transverse measure on Cj in fX^ . Otherwise {tcI o • • • o Tc^ )*{ni) ei- 
ther stays in a compact set of the Teichmiiller space or converges in 
the Thurston compactification to a projective lamination which 
contains none of ci, . . . ,Cr as leaves. 

(c) There exists aj € Z (j — I, . . . ,r) such that (aj + l)pj = Ojqj for every 
j = 1, . . . , r and large i. 

In this .situation, Cj is a core curve of an upper parabolic locus of the algebraic limit 
if a.j < 0, and that of a lower parabolic locus otherwise. 

Conversely, let aj ^ {j — I, . . . , r) be any number, and /x^, /i+ measured lami- 
nations with the following conditions. 

(1*) The laminations and /i+ do not have non- simple- closed- curve minimal 
components /Iq and whose minimal supporting surfaces sharing a boundary 
component. 

(2*) In the case when both /i^ and ^'^ are connected and the minimal supporting 
surfaces of fj,~ and fj,'^ are the entire surface S, the supports and IfJ.'^l do 
not coincide. 

(3*) For (possibly empty) simple closed curves Ci,...,Cr shared by and 

none of ci, . . . ,Cr lies on the boundary of the minimal supporting surface of a 
component of or fi^ . 

Then, there is a sequence of {(jrii, Ui)} in T{S) x T{S) with algebraically convergent 
{qf{mi,ni)} such that {rrii} converges to [/z^] and {ui} converges to [^+] in the 
Thurston compactification, and the two conditions (1) and (2) above are satisfied. 

The latter half of this theorem shows that as sufficient conditions for divergence 
expressed in term of the limits of the conformal structures in the Thurston com- 
pactification. Theorems and together with the main theorem of 33J are best 
possible. 

3.3. Non-existence of exotic convergence. What Theorem [5] claims is related 
to the fact that such a sequence cannot converge exotically to a b-group. The 
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condition that none of ci , . . . , c,- lies on the boundary of the supporting surface of 
a component of fi^ or fi'^ is essential for the exotic convergence. We can prove the 
following related results. (Recall that a non-boundary parabolic locus is said to be 
isolated if it does not touch a simply degenerate end.) 

Theorem 7. Let G be a b-group without isolated parabolic locus. Then there is no 
sequence of quasi- Fuchsian groups exotically converging to G. 

3.4. Self-bumping. As the results of McMuUen [28_, Bromberg [7] and Magid 
[24] suggest, the singularities of AH{S) which are found thus far are all related to 
the construction of Anderson-Canary. The following results show that convergence 
to geometrically infinite groups in AH(S) without isolated parabolic loci is quite 
different from the situation for regular b-groups where QF{S) bumps itself. 

Theorem 8. Let T be a geometrically infinite group with isomorphism tp : tti^S) — > 
r in AH(S). Suppose that T does not have an isolated parabolic locus. Let {(m^, n.i)} 
and {(m^,n^)} be two sequences in T{S) x T{S) such that both {qf{mi,ni)} and 
{qf{m[,n'j)} converge to (r,'0). Then for any neighbourhood U of the quasi- 
conformal deformation space QH(T, ■(/;) of {T, ip) in AH{S), we can take io so that if 
i > io, then there is an arc ai in U C\QF{S) connecting qf{mi,ni) with qf{m[,n'j^). 
Ln the case when T is a b-group whose lower conformal structure at infinity is mo, 
we can take Oi satisfying further the following condition. For any neighbourhood 
V of mo, we can take io so that for any i > io, the arc ai is also contained in 
qf{VxT{S)). 

We shall then get a corollary as follows. 

Corollary 9. In the setting of Theorem suppose furthermore that each compo- 
nent of r^r /r that is not homeomorphic to S is a thrice-punctured sphere. Then 
QF{S) does not bump itself at {T,^), and in particular AH{S) is locally connected 

at (r,v). 

We can generalise this corollary by dropping the assumption that there are no 
isolated parabolic loci. The same result has been obtained by substantially differ- 
ent methods in Brock-Bromberg-Canary-Minsky [9]; see also Canary [15]. Also, a 
related result has been obtained by Anderson-Lecuire [3]. 

Corollary 10. Let T be a group on the boundary of QF{S) with isomorphism 
Tp : 7ri(5) — > r. This time we allow T to have isolated parabolic loci. 

(1) If every component of fir is a thrice-punctured sphere, then QF{S) does 
not bump itself at {T^ip). 

(2) If T is a b-group and every component of r2r/r corresponding to upper 
ends of (M.^ /T)o is a thrice-punctured sphere, then the Bers slice containing 
(r, ip) on the boundary does not bump itself. 

3.5. General Kleinian surface groups. We can generalise Theorems [2] and [3] to 

sequences of Kleinian surface groups which may not be quasi-Fuchsian. 

Let G be a Kleinian surface group with marking cp : tti{S) — G, and set M = 
H^/ G. The marking cp determines a homeomorphism h : 5* x M — M. Let P_|_ be the 
upper parabolic loci on S. We consider all the upper ends of the non-cuspidal part 
Mq. For a geometrically finite end, we consider its minimal pants decomposition, 
and for a simply degenerate end, we consider its ending lamination. Take the union 
of all these curves and laminations together with the core curves of P+ , and denote 
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it by e+. In the same way, we define e- for the lower ends. We cah e+ and e_ the 
upper and lower generalised shortest pants decompositions respectively. 
We now state a generalisation of Theorem [5] 

Theorem 11. Let {{Gi,4>i)} be a sequence of Kleinian surface groups which have 
upper and lower generalised shortest pants decompositions e(i)-|_ and e(i)_. Sup- 
pose that {(Gi,0i)} converges algebraically to (T,ip). Consider the H aus dor ff limit 
e(oo)+ o/{e(i)+} and e{oo)- o/{e(j)_} after passing to subsequences. Then every 
minimal component o/ e(cx))+ (resp. e{oo)-) that is not a simple closed curve is 
the ending lamination of an upper end (resp. lower end) of (IS.^/T)q. Conversely 
any ending lamination of an upper (resp. lower) end of {M^ /T)o is a minimal com- 
ponent o/e(oo)+ (resp. e{oo)-). Moreover, no upper (resp. lower) parabolic locus 
can intersect a minimal component of e{oo)^ (resp. e{oo)^) transversely. 

Next we shall state a generalisation of Theorem [3] 

Theorem 12. Let {{Gi,(j)i)} be a sequence of Kleinian surface groups which have 
upper and lower generalised shortest pants decompositions e(i)-f and e(i)-. Let 
e(c»)+ and e(oo)_ be the HausdorfJ limits o/{e+(«)} and {e_(i)} respectively. If 
there are minimal components A o/e(cxD)_ and fj, of e{oo)^ which are not simple 
closed curves and whose minimal supporting surfaces share a boundary component, 
then {{Gi,(pi)} diverges in AH{S). 

4. Models of geometric limits 

4.1. Brick decompositions of geometric limits. In this section, we shall review 
the results in Ohshika-Soma [35] and show some facts derived from them, which 
are essential in our discussion. 

Throughout this section, we assume that we have a sequence {{Gi, in AH{S) 
converging to (F, -0), and that {G,} converges geometrically to Goo, which contains 
r as a subgroup. We do not assume that Gi is quasi-Fuchsian, to make our argu- 
ment work also for the proofs of Theorems [Til and fT2l Recall that M^o = HI'^/Goo 
is a Gromov-HausdorfF limit of Mi — M^/Gi with basepoints which are projec- 
tions of some point fixed in H^. We denote H^/F by M' . Let p : M' 
denote the covering associated to the inclusion of F to Goo. Let pi : Br^{Mi,yi) — >■ 
Bxin {Moo, Voo) denote an approximate isometry corresponding to the Groniov con- 
vergence of {Mi,yi) to (Afoo,2/oo)- 

In |35j . we introduced the notion of brick manifolds. A brick manifold is a 3- 
manifold constructed from "bricks" which are defined as follows. We note that a 
brick is an entity different from a block introduced by Minsky which we explained 
in Preliminaries. Still, as we shall see, in our settings each brick is decomposed into 
blocks. 

Definition 4.1. A hiick is a product interval bundle of the form S x J, where S 
is an incompressible subsurface of S and J is a closed or half-open interval in [0, 1]. 
We assume that E is a closed subset of S, i.e. FrS is contained in E. For a brick 
_B = E X J, the lower front, denoted by d-B, is defined to be E x inf J, and the 
upper front, denoted by d+B, is defined to be E x sup J. When J is an half-open 
interval, one of them may not really exist, but corresponds to an end. In this case, 
a front is called an ideal front. A brick naturally admits two foliations: one is a 
horizontal foliation whose leaves are horizontal surfaces E x {t}, and the other is a 
vertical foliation whose leaves are vertical lines {p} x J. 
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A brick manifold is a manifold consisting of countably many bricks, whose bound- 
ary consists of tori and open annuli. Two bricks can intersect only at their fronts in 
such a way that an essential subsurface is the upper front of one brick is pasted to 
an essential surface in the lower front of the other brick. (We say that a subsurface 
is essential if none of its boundary components are null-homotopic or peripheral.) 

The following is one of the main theorems of [3 5) which is fitted into our present 
situation. 

Theorem 4.2 (Ohshika-Soma |35j). Let {{Gi,(f>i)} be an algebraically convergent 
sequence in AH{S), and Moo a geometric limit of Mi — V?/Gi with basepoint at 
yi. Then, there are a model manifold M of (Moo)oj which has a structure of brick 
manifold, and a model map / : M — )• (i\foo)o which is a K-bi-Lipschitz homeomor- 
phism for a constant K depending only on xi^)- The model manifold M has the 
following properties. 

(1) 'M. can be embedded m S'x [0, 1] in such a way that the vertical and horizontal 
foliations of the bricks are mapped into horizontal and vertical surfaces of 
S X [0, 1] respectively. 

(2) There is no essential properly embedded annulus in M. 

(3) An end contained in a brick is either geometrically finite or simply degen- 
erate. The model map takes geometrically finite ends to geometrically finite 
ends of (Afoo)o; o,f^d simply degenerate ends to simply degenerate ends of 

(^) Every geometrically finite end o/ M corresponds to an incompressible sub- 
surface of either S'x{0}orS'x{l}. 

(5) An end not contained in a brick is neither geometrically finite nor simply 
degenerate. For such an end, there is no open annulus tending to the end 
which is not properly homotopic into a boundary component. We call such 
an end wild. 

(6) M. has a brick of the form S x J, where J is an interval containing 1/2, 
and f^(TTi{S X {t})) with t Cz J carries the image of 'Ki{M') in 7ri(Moo). 

Regard M as a subset of S* x [0, 1] which is embedded preserving the horizontal 
and vertical foliations. Then a brick of B has a form E x J with respect to the 
parametrisation of 5' x [0, 1]. We denote sup J by supB and inf J by inf B. Note 
that sup B is the level of the horizontal leaf on which the upper front of B lies and 
inf B that on which the lower front of B lies. Each end of M, even if it is wild, 
corresponds to E x {t} for some incompressible subsurface E of S. By the condition 
(ii), every geometrically finite end is contained in either S x {0} or 5 x {1}. We 
call those contained in 5 x {0} lower geometrically finite ends and those in 5' x {1} 
upper geometrically Gnite ends. By moving the embedding vertically if necessary, 
we can assume that S x {0} and 5* x {1} consist of a union of ends, annuli homotopic 
in S X [0, 1] \ IntM to the closure of open annulus boundary components of M, and 
open annuli corresponding to punctures of 5*. 

Sometimes it is convenient to consider the complement of M in 5 x (0, 1). Let 
B be a component of S* x (0, 1) \ M. Then FiB fl B consists of (countably many) 
horizontal surfaces each of which corresponds to an end of M which is either simply 
degenerate or wild. On the other hand, FtB \ B consists of annuli and tori which 
are boundary components of M. 
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We can associate to each geometrically finite end of M a marked conformal struc- 
ture at infinity of the corresponding geometrically finite end of (Afoo)o- Similarly, 
we can associate to each simply degenerate end of M the ending lamination of the 
corresponding simply degenerate end of (Moo)o- We call these conformal struc- 
tures and ending laminations labels, and call a brick manifold with labels a labelled 
brick manifold. We showed in that a labelled brick manifold is decomposed 
into blocks in the sense of Minsky [29] and tubes. The complement of the tubes is 
denoted by M[0]. We put a metric of a Margulis tube into each tube so that the 
flat metric induced on the boundary coincides with that induced from the metric 
on M[0] determined by blocks. 

Each Margulis tube V = Ax [s,t] has a coefficient uj-m{V) which is defined as 
follows. The boundary of the tube dV has a flat metric induced from the metric 
of M[0] determined by blocks. We can give a marking (longitude-meridian system) 
(a,/3) to dV by defining a to be a horizontal curve and f3 to be d{a x [s,t]) for 
some essential arc a connecting the two boundary components of A. The metric 
and the marking determine a point in the Teichmiiller space of a torus identified 
with {z e C I 3z > 0}, which we define to be uj-m{V). We define M[fc] to be the 
complement of the tubes whose ojm have absolute value greater than or equal to k. 

Since Gi is a Kleinian surface group, it also has a bi-Lipschitz model constructed 
by Minsky [29_ and proved to be bi-Lipschitz in Brock-Canary-Minsky [TU]. As was 
explained in Preliminaries, we ignore cusp neighbourhoods in the model manifolds 
of Minsky to make them models for the non-cuspidal parts. Let be a model 
manifold for (Mi)o = (H^/Gi)o in the sense of Minsky with a bi-Lipschitz model 
map fi : — ^ {Mi)o. Minsky's construction is based on complete hierarchies of 
tight geodesies which are determined by the end invariants of Mi, as we briefly 
explained in Preliminaries. The model manifold has decomposition into blocks and 
Margulis tubes, which corresponds to a resolution of a complete hierarchy. When 
we talk about model manifolds M.;, we always assume the existence of complete 
hierarchies hi beforehand, and that the manifolds are decomposed into blocks and 
Margulis tubes using resolutions. The metric of model manifolds are defined as the 
union of metrics on internal blocks and metrics determined by conformal structures 
at infinity on boundary blocks. We should note that as was shown in [29], the 
decomposition of into blocks and the metric on depend only on hi and end 
invariants, and are independent of choices of resolutions. 

In the proof of Theorem A in [35 (§5.2), the following was also shown. 

Proposition 4.3. Let Xi £ M.^ be a point in such that fi{xi) is within uniformly 
bounded distance from the basepoint yi of Mi. Then (Mi[fc], a;^) converges to M[fc] 
for any k € [0,oo) after passing to a subsequence. The model manifolds M and M.; 
have structures of labelled brick manifolds admitting block decompositions with the 
following condition. Let pf^ be an approximate isometry between M^ffc] and M.[k] 
corresponding to the geometric convergence. Then the following hold. 

(1) For any compact set K in ]V[[fc], the restriction Pi° fi° {p^)^^\K converges 
to f\K uniformly as i — > oo. 

(2) For any block b o/M[fc], its pull-back {Pi^)^^{b) is a block in Mj[fc] for 
large i. 

(3) For any brick B o/M[A;], its pull-back {pf^)^^{B) is contained in a brick 
of Mj [k] for large i . 

(4) We can arrange pf^ so that it preserves the horizontal foliations. 
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By defining a brick to be a maximal union of parallel horizontal leaves, we can 
define a brick decomposition of Mi[fc]- (Such a brick decomposition is called the 
standard brick decomposition.) A brick in Mi[A:] in the condition (3) is one in this 
brick decomposition of M.^ [k] . 

4.2. Algebraic limits in the models. Since the algebraic limit F of {Gi} is 
contained in the geometric limit Goo, there is an inclusion of 7ri(5) in 7ri(M) corre- 
sponding to the inclusion of T into Goo- We realise this inclusion by a 7ri-injective 
immersion 5 : 5 M so that (/ o g)^TTi{S) is equal to the image of tti{M') in 
7ri(Moo) under the covering projection. We call such g an algebraic locus. 

Lemma 4.4. The immersion g can be homotoped to a map g' as follows. 

(1) The surface S is decomposed into incompressible subsurfaces Si,...,!]^; 
none of which is an annulus, and annuli Ai , . . . , ■ 

(2) The restriction of g' to Sj is a horizontal embedding into Sj x {tj}. 

(3) Each annulus g' {A j) is composed of2n—l horizontal annuli and2n vertical 
annuli for some n G N and goes around a torus boundary of M n-times. 
See Figure]^ 

Proof. By the last condition in Theorem l4.21 we see that g is 7ri-injective in S* x [0, 1] . 
Since every TTi-injective map from 5 to S'x [0, 1] is homotopic to a horizontal surface, 
g is homotopic to a horizontal surface S x {t} in 5 x [0, 1]. 

Since M is a brick manifold, we can homotope g within M so that g{S) consists 
of horizontal leaves in bricks and vertical annuli. By the additivity of Euler char- 
acteristics, we see that the sum of the Euler characteristics of the horizontal leaves 
is equal to x[S). We consider the projection of horizontal leaves to S. Since g is 
homotopic to S* x {t} in S x I, we see by the invariance of the algebraic intersection 
number that for each point x Cz S the surface g{S) contains x x {s} for some s G /. 
This implies that the horizontal leaves cannot overlap along a surface with negative 
Euler characteristic. It follows that only compact regions that g{S) can bound in 
S X I are solid tori. If such a solid torus is contained in M, we can eliminate it 
by a homotopy. Therefore the only remaining possibility is that each solid torus 
contains components of 9M. By the second condition of Theorem l4.2[ there is only 
one boundary component contained in each solid torus. Thus the only possible 
situation is as in our statement. □ 

We call a map 5' : 5 — > M as in Lemma 14.41 a standard algebraic immersion. 
Recall that there is a homotopy equivalence : S* — Mi realising 0^. By composing 
the inverse of the model map, we have a homotopy equivalence from S to M.^, which 
we denote by 

Lemma 4.5. Let pf^ be an approximate isometry between Mi[fc] and M[fc] with 
basepoints at the thick parts as in Proposition \4.S\ For sufficiently large i, the 
immersion {pf^)~^ ° g' is homotopic to $^ as a map to M^. 

Proof. By the definition of g' , we see that fog' is homotopic to ^. Since is 
homotopic to $i for large i, our lemma follows from the condition (1) of Proposition 
1431 □ 

Definition 4.6. Let e be a simply degenerate end of M contained in a brick 
B — YiX J . We say that e is an upper algebraic end if J = [s, s') and S x {s' — e} is 
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torus boundary 



Figure 1 . g' going around a torus boundary component (the case 
when n — 1). 

freely homotopic to g'{Ti) which lies in a horizontal part of g'{S) in M for sufRciently 
small e. In the same way, we say that e is a lower algebraic end ii J — (s, s'] and 
S X {s + e} is freely homotopic to which lies in a horizontal part g'{S) for 

sufficiently small e. 

Similarly, a core curve of an open annulus boundary component or a longitude 
(i.e. a horizontal curve) of a torus boundary component of M is said to be an 
algebraic parabolic curve if it is homotopic to a simple closed curve lying on a 
horizontal part of g'{S). We also call its image of the vertical projection to S an 
algebraic parabolic curve. A parabolic curve is said to be upper or lower in the same 
way as simply degenerate ends, but we should note if it lies on a torus boundary 
component around which g'{S) goes, then the curve is defined to be both upper 
and lower at the same time. An algebraic parabolic curve is said to be isolated if 
it corresponds to an isolated parabolic locus of M' . 

Lemma 4.7. Any algebraic parabolic curve lying on a torus boundary component 
of M is isolated. 

Proof. Let c be an algebraic parabolic curve lying on a torus boundary component of 
M. Let P be a parabolic locus of a relative core C of (M')o into which the lift of /(c) 
to M' is homotopic. Suppose, seeking a contradiction, that P is not isolated. Then, 
there is a simply degenerate end e touching the Z-cusp corresponding to P. By the 
Thurston's covering theorem (see [38] and Canary [H]), there is a neighbourhood 
U of e which is projected in to M^c homeomorphically by the covering projection. 
This implies that M has a simply degenerate brick which touches an open annulus 
boundary of M into which c is homotopic. Since no two boundary components of 
M have homotopic essential closed curves, this contradicts the assumption that c 
lies on a torus boundary. □ 

Lemma 4.8. The algebraic simply degenerate ends o/ M ends correspond one-to- 
one to the simply degenerate ends of Mq by mapping them by f and lifting them to 
Mq. The upper (resp. lower) ends correspond to upper (resp. lower) ends of Mq. 

Proof. Consider a simply degenerate end corresponding to the upper ideal front of 
a brick B = Y,x [s,s') of M. By the definition of the model map /, for each simply 
degenerate end of M, there is an infinite sequence of horizontal surfaces S x {tj} 
in B' tending to E x {s'} which are mapped to a sequence of pleated surfaces 
/(S X {tj}) tending to the corresponding simply degenerate end e of (Moo)o- Since 
S X {t} e B' is freely homotopic into g'{S), the pleated surfaces /(E x {tj}) lift to 
pleated surfaces ft tending to an end of Mq. 
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Since the model map / has degree 1 with respect to the orientation of (Moo)o, 
the end e is situated above fog'[S). Lifting this to Mq, we see that the end to which 
the fi tend is an upper end. Similarly, we can show that if the simply degenerate 
brick B has the form E x (s,s'], then the corresponding end of Mq is a lower end. 

Conversely, suppose that e' is a simply degenerate end of AIq. By Thurston's 
covering theorem (see Thurston [3S] and Canary [2]), there is a neighbourhood E 
of e' such that p\E is a proper embedding into {Moo)o- Let e denote the simply 
degenerate end of (Moo)o contained in p{E). Then, there is a simply degenerate e 
of M which is sent to e by /. Since e' is simply degenerate, there is an essential 
subsurface E of 5 and a sequence of pleated surfaces hi : T, ^ Mq taking dT, to 
SMq which tend to e'. Their projections p o hi are pleated surfaces tending to e. 
This implies that the end e is contained in a simply degenerate brick _Be = E x J, 
where J is a half-open interval. Since /(S x {t}) is homotopic to po hi and p o hi 
is homotopic into / o g'{S), we see that S x {t} is freely homotopic to g'{^)- By 
Lemma |4.4| this is possible only when E x {i} is homotopic into a horizontal part 
of g'{S), and we see that the end e is algebraic. □ 

As was shown in ^35j. except for the geometrically finite ends lying on S x {0, 1}, 
all the tame ends of M are simply degenerate. Next we shall see how simply 
degenerate ends in the model manifold M are approximated in M^. Recall that 
the model manifold corresponds to a hierarchy hi of tight geodesies. Recall 
also that we have a homeomorphism $i : x (0, 1) -> Mj inducing <j>i between the 
fundamental groups. This determines an embedding l of the standard S x (0, 1) into 
S X [0, 1] in which M.^ is embedded. We identify the standard S x [0, 1] and S x [0, 1] 
in which is embedded so that this t becomes an inclusion. In other words, by 
this identification, the model map fi is homotopic to $i if restricted to S" x (0, 1). 
We identify two S x [0,1] in which M^^ and M^^ are embedded respectively for 
every pair ii,Z2 using <^i^ and ^i^. We also identify the standard S x [0, 1] with 
S X [0, 1] in which M is embedded so that in S" x J appearing in (6) of Theorem 
14.21 the map is the same as ip. 

We fix a complete marking fi on S. For a domain X in 5, by considering a 
component of fi\X, we can define a basepoint in CC{X). We call this basepoint the 
basepoint determined by marking. 

Proposition 4.9. Let B — Y, x I be a simply degenerate briek in M whose end e 
is algebraie. Then there is a geodesic 7^ contained in the hierarchy hi as follows. 

(1) The support of ^i is IntE. 

(2) After passing to a subsequence, either all 7^ are geodesic rays, or they are 
finite geodesies and the length of 7^ goes to 00 as i 00. 

(3) In the case when the 7j are geodesic rays, their endpoints at infinity converge 
to the ending lamination of e in £'£(IntE). 

(4) Suppose that the 7^ are finite geodesies. In the case when the end e is 
upper, the last vertex of ^i converges to the ending lamination of e, whereas 
the first vertices stay in a hounded distance from a basepoint in CC (IntE) 
determined by marking. In the case when the end is lower, the first vertex 
of 7i converges to the ending lamination whereas the last vertices stay in a 
bounded distance from the basepoint determined by marking. 

4.3. Proof of Proposition l4T9l Let T be the union of all boundary components 
of M that meet the vertical boundary of B. The preimage by of each component 
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of T lies on the boundary of either a MarguUs tube or a Z-cusp neighbourhood of 
Mi. For sufficiently large i, we consider the union of all Margulis tubes and 
cusp neighbourhoods whose intersection with _Bri(Mi,a;i) are mapped by into 
T. Let B(i) be a maximal subset of the form S x J with J C / which lies in the 
component of _B H Bi^-^,.. (M, Xoo) containing Xoo- 

Let Mi be the complement of IntVi in M;. Regarding M^ as embedded in 
Sx [0, 1], we can decompose M^ into bricks by defining a brick to be a maximal union 
of parallel horizontal leaves, i.e. by considering a standard brick decomposition. 
Since all horizontal leaves in B are parallel in M and pf^ preserves the horizontal 
foliation, we see that (p^)~^(B(z)) is contained in a brick Bi — 'Si x Ji in M^. 
Since the end e in S is algebraic, S x {t} in B is homotopic to g'^S) in M. Pulling 
this back to M^, we see that is homotopic to By our way of identifying 

the S X [0, 1] in which the M^ lie, we can regard as being equal to E. 

The length of the core curve of every tube in goes to as z — >■ oo. Therefore, 
by the short curve theorem of Minsky [33], every such core curve is vertically 
homotopic to a vertex appearing in hi. This shows that the tube union for M.; 
induces that of M^. 

We shall now review the notion of tube unions corresponding to hi introduced 
in §3.3 of [35]. 

Definition 4.10. Let g be a tight geodesic contained in the hierarchy hi with 
£_{D{g)) > 4. Corresponding to g, we have a sequence Vg of disjoint unions of 
tubes called tube simplices, which is either a finite sequence {Vf , . . . V^} or infinite 
sequence of the forms {Vf , . . .} or {. . . , Vf_i} embedded in D{g) x J in M^ with 
the following properties. We use the symbol sup Vj* and inf Vj*, in the same way as 
for bricks. 

(i) D{g) X J is a brick with respect to the standard brick decomposition of the 
complement of tubes Vg' for all g' in hi to which g is subordinate. 

(ii) Each tube simplex V^^ is a union of disjoint solid tori each of which is bounded 
by two horizontal annuli and two vertical annuli. 

(iii) The lower horizontal boundaries of the components of V^^ lie on the same 
horizontal leaf, and so do the upper horizontal boundaries. (Therefore inf V^^ 
and sup Vj are well defined.) 

(iv) The core curves of the tube simplex Vf are taken to the j-th simplex of 7^ by 
the vertical projection p : S x [0, 1] — >■ 5'. (We shall say that the core curve is 
vertically homotopic to the j-th simplex in this situation.) In particular, the 
first and last tube simplices are connected, i.e. solid tori. 

(v) We have inf 1/^-^ = supy^". 

(vi) The lower front of the first tube lies on D{g) x inf J, and the upper front of 
the last tube lies on D{g) x sup J. Unless g is the main geodesic of hi, the 
first tube is attached along its lower front to a component of a tube simplex 

d 

corresponding to a simplex u on gi with {gi,u) yf' g, and the last tube is 
attached along its upper front to a component of a tube simplex corresponding 

d 

to a simplex w on g2 with g \ {g2,w). 

(vii) The core curves of Vg^ fl {D{g) x inf J) are vertically homotopic to I{g), and 
those of n {D{g) x sup J) are vertically homotopic to T{g) for 51,52 as 
above. 



22 



KEN'ICHI OHSHIKA 



Definition 4.11. In the case when ^{D{g)) — 4, the properties (ii)-(v) should be 
modified as follows whereas the conditions (i), (vi) and (vii) remain the same. 

(ii*) Each Vj is a solid torus bounded by two horizontal annuli and two vertical 
annuli. 

(iii*) The core curve of V^^ is vertically homotopic to the j-th vertex of g. 
(iv*) We have mfVf^^ > supVf . 

(v*) There is no tube y in a tube union Vg' with g' E hi such that either inf V 
or sup lies in the open interval (sup T^^, inf V^?(^-^). 

In [35] ■ there was an operation to connect two homotopic solid tori appearing 
in the process of putting tube unions. We regard this operation as putting a tube 
union corresponding to a geodesic of length in the present argument. Therefore, 
the decomposition into blocks is obtained just by putting tube unions. 

We call the union of tubes in Vg the tube union corresponding to g. Now we 
consider to put tube unions corresponding to geodesies of hi, one by one starting 
from the main geodesic. We assume that when we put a tube union corresponding 
to a geodesic g, all the tube unions corresponding to the geodesies to which g is 
subordinate have already been put in M. We define V{hi) to be Ugg/i-Vg, and Vi 
to be the union of all the tubes in V{hi). The complement Vi in Mi is the brick 
manifold Mi[0]. For a tube simplex V in V{hi), we denote by V the union of V 
and the tubes to which V is attached and which existed before V is put. By the 
condition (v*) above, for any brick D{g) x J appearing in the construction of Vg, 
its real front F intersects Vt in such a way that every component of _F \ Vi is a 
thrice-punctured sphere. 

We shall show that the intersection of the tube unions in V(/ii) and Bi gives a 
hierarchy of tight geodesies in S. For that, we shall first show that each tube union 
intersecting Bi defines a tight geodesic on a subsurface of S. First, we consider the 
case when a tube union penetrates Bi in the following sense. We say that a tube 
union Vg penetrates Bi if one of the following conditions is satisfied. 

(a) There is a non-empty consecutive sequence {Vf^ , . . . ,Vf^} inVg such that inf Bi < 
iniVf^, supVf^ < supBi whereas infV^^_^ < inf Bi and supt^^_|_;^ > supBi 
and at least one of ^q-u V^?, . . . , V^^+i intersects IntBi. (Note that putting ~ 
is necessary only when Vjg^i or V,i+i is the first or last tube of Vg.) 

(b) There is a consecutive pair of tube simplices V and V in Vg both intersecting 
B^ such that inf V" < inf Bi < supV^, inf y" < supBj < supF'. 

(c) There is a tube simplex V in Vg with V O Bi (d and inf V < inf Bi, sup V > 
sup Bi. 

(d) The brick Bi has an upper simply degenerate end. The geodesic 5 is a ray, and 
there is a consecutive sequence {V^^^_i, Vj?, . . . } in Vg one of which intersects 
B, such that inf Vf , < inf Bi and inf B, < inf Vf . 

(e) The brick Bi has a lower simply degenerate end. The geodesic <? is a ray in the 
negative direction, and there is a consecutive sequence {...,"(/?, in Vg 
one of which intersects Bi such that supV^^^-^ > supBi and supBi > supV^^. 

The subsequences of Vg appearing the conditions (a)-(e) are called penetrating 
subsequence. See Figure [21 
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Figure 2. Tube unions penetrating Bi 



Lemma 4.12. Let Vg be a tube union for g (z hi which penetrates Bi. Then the core 
curves of the tubes in Vg are vertically homotopic to simplices in a tight sequence 
supported on a domain contained in S in such a way that the core curves of the 
j-th tube union are homotopic to the j-th simplex. Moreover, in the cases (a), (d) 
and (e), the domain D{g) is contained in E. 

Proof. This is obvious in the cases of (b) and (c). We now consider the case (a). 
By the condition of the case (a), there are at least three consecutive tube simphces 
Vj iVj+iiV^^^ ill ^0-1' ■ • ■ ' ^^+1- ^"^^ ^'^ ^^'^ simphces ver- 

tically homotopic to their core curves. Since 5 is a tight geodesic, U c|^2 ^1^^ 
up D{g) \ c^_|_i- If D{g) is not a subsurface of either S or 5 \ E, then there is a 
component 7 of FrE contained in D(g). On the other hand, the curve 7 C D(g) is 
disjoint from all of the three simplices Cj,Cj_^_i and c|_|_2 since the tubes Vf,Vf_^i 
and V^^2 ^re disjoint from V^. This is a contradiction. Also, since at least one 
of V^„_i, V^g, . . ■ , Vj^+i intersects Bi by assumption, we see that D{g) cannot be 
contained in \ S. Therefore, D{g) is a subsurface of E, and the core curves of 



, , Vj^^]^ constitute a tight sequence supported on a domain in E. We also 



note that this implies that all of Vf 



■ • • , Vj^+i intersect B, and F/^, . . . , . 



Vf are 



contained in Bi. We can argue in the same way in the cases (d) and (e), and con- 
clude that D{g) is a domain in E also in these cases and that the core curves of 



Vl_„... or 



' ^1+1 constitute a tight geodesic ray supported there. 



□ 



We should note the following. Suppose that g penetrates Bi and that D{g) is 
an essential subsurface of IntE. Let c be a component of Fi-sD{g). Since Vg lies 
in D{g) x J, we see that there is a tube Vc in Vj whose core curve is vertically 
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homotopic to c and it penetrates Bi as in the case (c) above. Note that Vc may be 

a union of tubes corresponding to vertices lying on several different geodesies. The 

tube Vc n Bi must be already put into when we start to put Vg. 

Secondly, we consider tube unions which do not penetrate B^ but stop inside B^. 

A tube union Vg is said to stop inside Bi when one of the following holds. 

(a*) There is a consecutive sequence {V^^^i, . • . , V^} in Vg ending at the last tube 
of Vg, at least one of which intersects Bi and such that inf < int Bi, 

inf V^^ > inf whereas supV"^^ < supB^. When fc = 2, we need to assume 
that both Vj^ and VJf intersect Bi. 

(b*) There is a consecutive sequence {Vf , . . . , V^^+i} of Vg starting at the first tube 
of Vg, at least one of which intersects Bi and such that supVf^_^i > supB^, 
supV^^ < sup Bi, whereas iniVf > ini Bi. When fc = 2, we need to assume 
that both Vf and V2 intersect Bi. 

(c*) The last tube V^ in Vg intersects Bi and inf V^ < inf Bi and sup VJf < sup Bi. 

(d*) The first tube Vf of Vg intersects Bi and inf Vf > inf Bi and sup Vf > sup Bi. 
By the same argument as Lemma 14.121 we can show the following. 

Lemma 4.13. Let Vg be a tube union for g (z hi which stops inside Bi. Then the 
core curves of the tubes in Vg are vertically homotopic to a tight sequence .supported 
on a subsurface of S. Moreover, in the cases (a*) and (b*) with k> 2, the domain 
D{g) is contained in S. 

Thirdly, we consider the case when a tube union is totally contained in Bi. We 
say a tube union Vg is totally contained in Bi when one of the following conditions 
holds. 

(a**) For Vg — {Vf , . . . , Vf}, at least one of the tubes intersects Bi and it holds 

that inf i?i < vaiVf and supV^f < supB^. When k = 2, we need to assume 

that both of the tubes Vf , Vf intersect Bi. 
(b**) For an infinite sequence Vg = {Vf , . . .} or Vg — {. . . Vf^} at least one of 

whose entries intersects Bi , it holds inf Bi < inf V^? and sup Vf < sup Bi for 

all J. 

Again by the same argument as Lemma l4.121 we have the following. 

Lemma 4.14. Let Vg be a tube union for g (z hi which is totally contained in Bi. 
Then the core curves of the tubes in Vg are vertically homotopic to a tight sequence 
supported on a subsurface of S . Moreover except for the case (a**) with k ^2, the 
domain D{g) is contained in S. 

We should note that, by our definitions above, if a tube union has a tube in- 
tersecting liABi, then it either penetrates or stops inside or is totally contained in 
Bi except for the case when k = 2 and one of the tube simplices stays outside Bi. 
In this latter case, we can ignore the effect of putting the tube union in Bi since 
it does not affect the construction of hierarchies in the following argument. As a 
convention, when we say that a tube union intersects liABi , we always assume that 
it either penetrates or stops inside or is totally contained in Bi. 

Now, we shall show that the geodesies on IntS which Vg{g £ hi) gives as above 
has a structure of a hierarchy. Suppose that Vg either penetrates or stops inside 
or is totally contained in Bi. Let 7^ a tight sequence supported on a subsurface 
of S induced by Vg as shown in Lemmata 14. 12114. 141 We define D{"fS) to be D{g) 
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except for the cases (b) , (c) for the penetrating sequences and the case when k < 2 
for the sequences either stopping inside or totally contained in Bi. In these latter 
cases, we define -D(7®) to be D{g) n S. By this, we always have .0(7^) c E. We 
define I{Bi) to be the core curves of Vj intersecting the upper front of projected 
vertically to D{j3) if the front is real, with empty transversals, and similarly define 
the terminal marking T{Bi). 

Lemma 4.15. Let g he a tight geodesic in hi with S,{D{hi)) > 4 such that Vg 
intersects IntBi. IfVg is the first tube union in the above construction that intersects 
Int-Bi, then Vg must penetrate Bi and -D(7^) — IntS. Moreover, in the cases (a) 
and (d), the tube V^^_-^ is the first tube ofVg, and in the cases (a) and (e), the tube 
Vj^j^i is the last tube ofVg. The sequence 7^ becomes a tight geodesic by defining 
its initial marking to be I{Bi) and its terminal marking to be T{Bi) if the lower 
and/ or upper ends are real. If one of the fronts of Bi is ideal, then we define the 
endpoint of 7^ at infinity to be the initial or terminal marking. 

If Vg is not the first tube union intersecting Bi, then the support of Vg is an 
essential subsurface ofE, and there are geodesies 51,52 in hi and simplices wi,W2 

d d 

on them such that {-f^^wi) v/ 7» \ (7''",W2)- We let I{j3) be I{D{j9),j9i-^ 
unless wi is the first vertex and I{Bi)\D{j^) if it is. Similarly, we let T^j^) be 
T{D{'y^),^^^) unless W2 is the last vertex, andT{Bi)\D{'y^) if it is.. 

The family {7^ \ g G hi} constitutes a 4-complete generalised hierarchy on IntS. 

Proof Suppose that Vg is the first tube union intersecting IntS^ . Let hi (g) be the 
subfamily of hi consisting of the geodesies to which g is subordinate, Vhi(g) the 
union of all Vg' with g' G hi{g), and yhiig) the union of all the tubes contained in 
Vft.(g). Since no tubes in Vii^(g') can intersect IntS^, the first and last tube simplices 
of Vg that intersect IntiJi (provided that they exist) must intersect the fronts of Bi. 
In the first or the last tube simplex does not exit, then Vg consists of infinite tubes 
and it satisfies the condition (d) or (e). In either case, we see that Vg penetrates 
Bi. 

Now suppose that we are in the situation of (a). Recall that by the definition of 

tube imions, D{g) x J is a brick with respect to the standard brick decomposition 
of Mj \ IntV;j.(g), and that the first and last tubes of Vg are attached to tubes in 
Vhi(g) along their fronts. In particular, Vhi{g) contains tubes with core curves whose 
union is vertically homotopic to FiDig). We let V(FrD(g)) be the family consisting 
of these tubes. Since D{g) x J intersects IntBi and D{g) is contained in S, every 
tube of V(FrD{g)) either intersects Int-Bj or touches the vertical boundary of Bi. 
Since we assumed that Vg is the first tube union intersecting Int_Bj, there can be 
no tube in V{FYD{g)) intersecting Bi. Therefore, every tube in V{FrD{g)) touches 
the vertical boundary of Bi, and we have D{g) = IntS. This also implies that the 
tubes in V(Frr'(g)) are contained in Vji;(g), and that the first and last tubes in Vg 
intersect IntiJj. Even in the cases (b) and (c), the same argument implies that 
£>(7^) = E. We can also deal with the case when 7^ is infinite in the same way. 

Next suppose that Vg is not the first tube union intersecting IntBi ■ Such a tube 
union exists only when ^(S) > 4. Then there is go S hi{g) such that Vg^ is the first 
tube union intersecting IntBi. As was shown above, Vg^ penetrates Bi. It follows 
that every horizontal leaf of Bi must intersect a tube in Vg,, . Therefore, there can 
be no S X J in Mi \ lntV{hi{g)) touching IntiJi. This shows that the support of 
7^ must be an essential subsurface of S. 
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Suppose that Vg penetrates Bi. By our construction of tube unions, the tubes 
in Vg are put in D(g) x J in the complement of Mi \ IntV^.(g) which is a brick 
of the standard brick decomposition of Mi \ IntV^j . (g) . This means that there is a 
tube union l^,, corresponding to a simplex Vi^ of a geodesic g' in hi(g) such that 

d 

FrZ?(g) X J lies on the vertical boundary of l^o- We need to show {g',Vig) y/ 

d 

g \ (5', Vi^). If is neither first nor the last vertex of 7', then Viq-i and Vig+i, 
corresponding the predecessor and the successor of Wi„ , must intersect the the fronts 

of Bi. In this case, prec(wi„) n IntE is the first vertex of 7^ and succ(?;io) n IntS is 

, d d 

the last vertex of 7^ , and we have (5', Uio) v/ .9 \ (g', Wjo)- 1^ ^io ^^^t vertex 

of 7^ , then T4o intersects the lower front of Bi. In this case, by our assumption, 

) is equal to I{Bi)\D{g'), and we have {g',Vig) ^/ g again. Similarly, we have 

d 

g \ {g' , ) even when Vi^ is the last vertex of 7^ . 

Next we consider the case when g stops inside Bi. Then for either the first or 
last tube V of Vg, the tube V is contained in Bi. We shall only consider the case 
when V is the last tube. The case when V is the first tube can be dealt with in the 
same way just turning everything upside down. 

Let Wi,...,Wp be tubes in V(/ii(g)) intersecting FrD(g) x J, and let g* be 
a geodesic in hi{g) such that Vg» contains a tube contained in one of Wi, . . . , Wp 
which appears or is prolonged within E x [inf Bi, sup J] latest. Since g* lies in hi9g0, 
we have D{g) C D{g*). Let u be a simplex of g* giving this tube in Wi, . . . , Wp. 
The tube union Vg* was put into D(g*) x J* which is a brick in the standard 
brick decomposition of M^ \ lntY{hi{g*)). Since inf J* < sup J by our definition 
of g*, we see that D{g) x J is contained in {D{g*) \ v) x J*. Therefore we see 
that D{g) is a component domain of v. The last tube V of Vg is attached along 
its upper front to a tube V which is a component of Y{hi{g)). Let Xi, . . . ,Xq be 
tubes in Y{hi{g)) whose core curves are vertically projected into D{g) such that 
inf Xi ^ ■ ■ ■ — inf = inf T^'. If v is not the last vertex of g*, then sup J* > 
sup J, and there is a tube corresponding to succ(?;). Since D{g*) D D{g), the 
tubes Xi, . . . , Xq cannot be those which already existed at the time when we put 
Vg. . Therefore succ(i;) contains curves vertically homotopic to the core curves of 

d 

Xi, . . . Xq. By setting Tipf^) to be s\icc{v)\D{g), we have 7^ \ 7^ at w then. If v 
is the last vertex, then T{g*) must contain curves vertically homotopic to the core 
curves of Xi, . . . , Xi by the condition (vii) in the definition of tube unions. By 

d 

setting T{jS) to be T{g*)\D{-f3)^ we have 7^ \ 7^ at v. 

We can show that 7^ = g is subordinate to some 7^^ and 7"^ with gi , 52 G hi {g) in 
the same way even when g is totally contained in Bi just by repeating the argument 
above at both sup J and inf J. 

The 4-completeness of {7^} follows immediately from the completeness of hi. □ 

Let h{Bi) denote the 4-complete generalised hierarchy {7^} in the above lemma. 

Now we return to the proof of Proposition l4.9l We shall next show that the main 
geodesic oih{Bi) gets longer and longer whereas the lengths of other geodesies which 
are located near the basepoint have bounded lengths. 

Lemma 4.16. The length of the main geodesic gh(Bi) goes to 00 as i — >■ 00. 
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Proof. By our assumption, the end contained in B is algebraic. We can assume, 
as before, that the end is upper without loss of generality, for the case when it is 
lower can be dealt with just turing everything upside down. 

Consider a resolution Ri = {rj} of the generalised hierarchy hi{Bi), where each 
rj denotes a slice in hi[Bi). Since B is simply degenerate, by our definition of 
hi{Bi), the number of slices in Ri goes to c» as « — ^ cxi. Recall, as was shown in 
Minsky [29], that each slice corresponds to a split level surface in Bi. Note that 
each component of a split level surface is a thrice-punctured sphere whose isometry 
type is unique. Let D be its diameter. We define Ds to be {£,{S) — 2)D, and let 
E be the diameter of interior blocks, which are all isometric. Take a point w^o 
in B outside the Margulis tubes so that the distance modulo the Margulis tubes 
between Woo and the front of B is greater than the constant 2{E + Ds), and let Wi 
be (p^ ) ~ ^ ( Woo ) , which is contained in Bi . Let bi be a block of Bi containing Wi . We 
say that a slice contains the block bi if the corresponding split level surface passes 
through bi. By the definition of resolution, the subset of slices in Ri consisting of 
those containing bi is a consecutive sequence. Let R{bi) denote this subsequence of 
Ri. We shall first show the following. 

Claim 4.17. The number of slices in is bounded independently of i. 

Proof. Suppose, seeking a contradiction, that the number of slices in R{bi) is un- 
bounded as « — >■ oo. Then, there must be a geodesic gi G hi[Bi) such that the 
number of distinct pairs which appear in slices in R{bi) and whose first entries are 
gi goes to oo as i — T' oo. Since all of the slices in R{bi) contain bi, the geodesic gi 
cannot be the main geodesic of hi(Bi). Let Ci be a frontier component of D{gi) in 
S, and let Vi denote the Margulis tube in whose core curve is vertically homo- 
topic to Ci. As was shown in §9 of Minsky ^9], we see that '^oj-^iiVi) goes to oo as 
i — ^ oo. Pick up a slice Ui of R{bi) containing a pair with its first entry gi, and con- 
sider the corresponding split level surface /;:!]—!• Bi. The Margulis tubes which 
fi touches give rise to a pants decomposition ti of E. Since there are only finitely 
many ways to decompose a surface into pairs of pants up to homeomorphisms, by 
taking a subsequence, we can assume that there is a homeomorphism fc^ : S — )• S 
such that the pants decomposition of E induced from ti by pulling it back by ki to 
E is independent of i . We denote by JC the collection of simple closed curves giving 
this decomposition on E. 

We say that a curve d G /C is parabologenic if for a Margulis tube V- in with 
core curve homotopic to ki{d), we have |wMi(Vi')l ~^ °o passing to a subsequence, 
whereas k~ o /~ and d can be connected by a path a such that for any curve 
e in JC that a passes, the Margulis tube 1^" with core curve ki{e) has the property 
that u}-M^{Vi') is bounded as i — >■ oo. A parabologenic curve always exists since Ci 
as above is a core curve of the Margulis tube Vi with |a;Mi(Vi)| oo. Choose a 
parabologenic curve d and a Margulis tube V^' with core curve vertically homotopic 
to ki{d). Note that the diameters of split level surfaces modulo the Margulis tubes 
are universally bounded, and that bi and V- can be connected by a path passing 
only through a split level surface and Margulis tubes with bounded wm;- Therefore, 
the distance between bi and is bounded as i — )■ oo. Since |w]v[i(^')l ~^ the 
tubes Vi converge geometrically to a cusp neighbourhood V^ intersecting B. 

Since V/ is within distance Ds modulo the Margulis tubes from bi, we see that V^ 
cannot intersect the fronts of B by our choice of Woo- Moreover, since d is a curve in 
IC, we see that pf^{ki{dj) cannot be homotopic to a curve on the vertical boundary 
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of B. Therefore is a cusp in B whose longitude is not vertically homotopic into 
FrE. This contradicts the facts that i? is a brick in the standard brick decomposition 
of M and that consequently B can intersect a cusp neighbourhood only at its 
vertical boundary and real front. □ 

Now we return to the proof of Lemma [4. 161 Starting from a slice r^f^^^ in R{bi), 
we proceed in the resolution i?^. For any block b' in B, we consider the subfamily 
Ri{b') of Ri consisting of slices r* with j > such that the split level surface 
corresponding to rj intersects ipf^)~^{b')- By almost the same argument as in the 
proof of Claim l4T7l we can show the the number of slices contained in Ri{b') is 
bounded as z — > oo. The only difference of the argument for b' from that for bi is 
that 6' does not contain the basepoint Woo ■ We used the assumption that bi contains 
(Pi^)~"^(^^oo) in the proof of Claim l4?T7l to show that the cusp neighbourhood 
does not touch the front of B. Since the end in B is upper, the front which we 
are considering is the lower one. Since we are considering a subsequence of Ri 
going forward from the split level surfaces corresponding to the slices in Ri{b') 
are above that corresponding to Tj^.^^ . This implies that a cusp neighbourhood 
appearing as a limit of Margulis tubes meeting these split level surfaces cannot 
intersect the lower front of B either. Similarly, we can show that for any Margulis 
tube or cusp neighbourhood V in _B, the number of slices r* in Ri such that j > 
and the split level surface corresponding to rj intersect {Pi^)^^{V) is bounded as 
i — )■ oo. 

Recall that the total number of the slices in Ri goes to oo. For the split level 
surface corresponding to rj(.,.j, its image Pi^{h{T^^--^)) is bounded distance 

from the lower front of B since it intersects b. Therefore there must be infinitely 
many blocks above Pi^{h{T^^^-^))- This implies that the number of slices rj with 
3 > goes to oo as i — ?> oo. Suppose that the lengths of the main geodesies 
are bounded. This is possible only when there is a number ji independent of i 
such that for any tiq, there is i such that all the slices 'rj^-j_|_^-^ , . . . , rj^-j_|_^.^_|_„^ share 
the same pair {gii.(B),Wi) in Ri. Let ¥(' be the Margulis tube whose core curve is 
vertically homotopic to a simple closed curve which is a component of Wi. Since 
Vl' is reached within ji steps from rj^.^^ intersecting bi, the tube is within bounded 
distance from bi. Therefore, passing to a subsequence {T^/'} converge to a cusp 
neighbourhood V in B. This contradicts the fact shown above that the number of 
slices whose corresponding split level surfaces intersect is bounded as 

i — >■ oo. □ 

Now, we shall complete the proof of Proposition l4.9l By our definition of hi{Bi), 
we see that there is a geodesic ji in hi with support S which contains the main 
geodesic ghi{Bi) as a subgeodesic. Therefore, we have already proved the conditions 
(1) and (2). It remains to show the conditions (3) and (4). 

The main geodesic of hi[Bi) penetrates Bi by Lemma 14.151 Since either ghi(Bi) 
is a ray or the length of ghi(Bi) goes to oo, by Lemma |4. 151 again, the first vertex 
of ghi(Bi) coincides with that of 7^ for large i. This means that we can identify the 
limit of 7i with that of ghi{Bi)- 

As was remarked before, (pf^)^^ ° <?' is homotopic to For any i, there is 

a number K{i) with K{i) — >■ 00 such that the core curves of Margulis tubes in B 
within the distance K{i) from the basepoint Wqo are homotopic into g'{S) within 
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the range of the approximate isometry pf^. It follows that there is a number n{i) 
which goes to od such that for each Vj among the first rt(i)-simplices of 7^, a 
homotopy between {pf^)~^ o g'{Vj) and the corresponding core curves of Margulis 
tubes in Bi can be pushed forward to a homotopy between g'{vj) and the core 
curves of the corresponding Margulis tubes in B. Note that any sequence of core 
curves of Margulis tubes going to the end of B converges to the ending lamination 
of the simply degenerate end. This implies that 7^ converges to a geodesic ray 
whose endpoint is the ending lamination uniformly on each one in an ascending 
exhausting sequence of compact sets in [0, 00), after passing to a subsequence, and 
we get the conditions (3) and (4) using Lemma [2.21 

4.4. Non-algebraic simply degenerate ends. In the proof of Proposition 14.91 
we used the assumption that the end in B is algebraic only to show that the support 
of 7i is S. Even in the case when the end in B may not be algebraic, the argument 
above shows that we still have a geodesic as 7^ in hi, and its support is the preimage 
of E, which may depend on i. Thus we get the following corollary. 

Corollary 4.18. Let B = x I be a simply degenerate brick o/M. Let V be the 
union of all boundary components of M touching the vertical boundary of B, and 
Vi the union of Margulis tubes corresponding to (V H -B/f^r; (M, Xoo))- Then, 

there is a geodesic 7^ in hi satisfying the following conditions. 

(1) For sufficiently large i, the preimage {pf^)^^{B) is contained in a brick 
Bi = Tii X Ji in the standard brick decomposition of \ Vi . 

(2) The geodesic "fi is supported on S^. Passing to a subsequence, we can 
assume that all 7^ either have finite lengths or are geodesic rays. 

(3) Lf the 7i have finite lengths, their lengths go to 00 as i 00. 

(4) Let drcaiB be the real front of B. Let fci : E — >■ be a homeomorphism 
induced from {p^)^^\drca.\B . Lf ji has finite length, for the last vertex Vi of 
•fi, its image k~^{vi) on S converges to the ending lamination of the simply 
degenerate end of B. Lfji is a ray, then for the endpoint 0/7^ at infinity, 
k^^{ei) converges to the ending lamination of the end in B in EC{T,). 

5. Limits of end invariants and ends of models 

In this section, we consider the situation where {(Gi, 4>i) — qf{mi, 71^)} converges 
to (F, -0) in ALL{S) and {Gi} converges geometrically to Goo. We assume that {mi} 
converges to [p,^] and {ni} converges to [/i"*"] in the Thurston compactification of 
the Teichmiiller space. Let S" and S"*" be the boundary components of the convex 
core of Mi = H'^/Gi facing the upper and lower ends respectively. We shall first 
recall the following fact, which follows from the continuity of length function. 

Lemma 5.1. Let v be a component of either p^ or p'^ . Lf v is a weighted simple 
closed curve, then 'I'(|t^|) represents a parabolic class of T . Otherwise, its image 
^{v) represents the ending lamination for an end of Mq. 

Proof. This is just a combination of Thurston's theorem and the continuity of the 
length function proved by Brock j7j in general form. We can assume that is a com- 
ponent of p^ since the argument for the case of p'^ is exactly the same. Thurston's 
Theorem 2.2 in [39j (whose proof can be found in [18] and [40]) shows that there 
is a sequence of simple closed curve riji converging to such that lengthy. (ri7i) 
goes to 0. By Bers' inequality [4], this implies that lengthy 7 (ri7i) also goes to 0. 



30 



KEN'ICHI OHSHIKA 



By the continuity of the length function with respect to the algebraic topology (see 
Brock [^), we have length^^/5'(/i^) = 0, which means every component of 
represents either a parabolic class or an ending lamination. □ 

We shall refine this lemma to show that the components of the limit of {rrii} 
appear as lower parabolics or lower ending laminations whereas those of {rii} appear 
as upper parabolics or upper ending laminations. 

Theorem 5.2. Let and c„. be shortest (hyperbolic) pants decompositions of 
{S,mi) and {S, Hi) respectively. Letv^ and be the Hausdorff limits of{cmi} and 
{c-m} respectively. Then the minimal components of that are not simple closed 
curves coincide with the ending laminations of upper algebraic simply degenerate 
ends of M. Moreover, no upper algebraic parabolic curve of M, regarded as a 
curve on S, can intersect a minimal component of transversely. Similarly the 
minimal components of v~ that are not simple closed curves coincide with the ending 
laminations of lower algebraic simply degenerate ends ofWL, and no lower algebraic 
parabolic curve can intersect a minimal component of transversely. 

Proof. We shall only deal with The argument for is obtained only by turning 
M upside down. Let hi be a hierarchy corresponding to qf(mi,ni), and consider 
the model manifold such that Mi[k] converges geometrically to M[fc] as before. 
We regard M as being embedded in 5' x [0, 1] as usual. 

We shall first show that the ending lamination of any upper algebraic simply 
degenerate end e of M is a minimal component of v^. Let B — Ex [s,t) be 
a simply degenerate brick of M containing the end e. By Proposition 14.91 the 
hierarchy hi contains a geodesic 7.; supported on E whose last vertex converges to 
the ending lamination Ae of e in UAi£{S). Now, as was shown in §6 in Masur- 
Minsky [27] using Theorem 3.1 in the same paper, the distance between the last 
vertex of 7^ and the projection of the terminal marking T(hi) of hi to E is uniformly 
bounded. In particular, for the shortest pants decomposition c„., which consists of 
the base curves of T{hi), its projection to E converges to Ae in UMC{Y,). Since 
the Hausdorff limit of c„jE contains the limit of Cm in L(AiC{T,), this shows that 
the ending lamination of any upper algebraic simply degenerate end is contained 
in ly^ . 

Secondly, we shall show that no upper algebraic parabolic curve can intersect a 
minimal component of transversely. Let c be an upper parabolic curve on S. 
There are three cases which we have to consider. The first is the case (a) when 
g'{c) is homotopic to a curve on a torus boundary of M; the second is the case (b) 
when g'{c) is homotopic to a core curve of an open annulus boundary component 
of M at least one of whose ends touches a geometrically finite end; and the third is 
the case (c) when g'{c) is homotopic to a core curve of an open annulus boundary 
component whose ends touch only simply degenerate or wild ends. 

(a) We first consider the case when the curve g'ic) homotopic into a torus com- 
ponent T of M. Let be the Margulis tube bounded by {pf^)~^iT) in M, for large 
i. Then SRwMi {Vi) goes to 00 whereas the imaginary part is bounded as i — ^ 00. Let 
Ci be a simple closed curve on S whose image by $^ is homotopic to the longitude 
of Vi. Since the longitude of dVi converges to that of T which is homotopic to the 
image of a simple closed curve under g' , the homotopy class of Ci is independent 
of i for large i. Therefore, by taking a subsequence, we can assume that Ci is con- 
stantly c. Let A be an annulus on S which is a regular neighbourhood of c. Since 
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^u!M.i{Vi) — > oo, there is a geodesic in hi supported on A whose length goes to 

00 as i — > oo. Let a(i) and b(i) be the first and last vertices of 7^, and let n(a)i and 
n(b)i be the (signed) number of times a{i) and b(i) go around c compared to the 
transversal of the marking determined by Then \n{b)i — n{a)i\ goes to 00 as 

1 — > 00. We set n{i) to be n{b)i — n{a)i. 

By the definition of hierarchy, there is a vertex of a geodesic gi in hi with 
^(Z?(gi)) = 4 which represents c (and is denoted also by c), satisfying 7r^(prec(c)) = 
a{i), 7ry!i(succ(c)) — b{i). As was shown above, the distance between 7ryi(prec(c)) and 
7ryi(succ(c)) goes to 00. Since these prec(c) and succ(c) may depend on i, we denote 
prec(c) in gi by Vi and succ(c) in gi by Wi. 

Since there is an elementary move changing Vi to c, there is a block bi in 
realising this elementary move by the definition of model manifolds by Minsky 
|29) . Let Vi be the Margulis tube in whose core curve represent Vi, and Ui a 
horizontal longitude on dVi. Recall that the block decomposition of converges 
geometrically to that of M as i — ?> 00 . Therefore, the block can be pushed forward 
to a block boo in M for large i, and hence there is either a Margulis tube or a torus 
boundary in M whose core curve or longitude, which we denote by Uoo is homotopic 
to pf^{ui) for every large i. First suppose that g' does not go around T. Then g' 
can be homotoped so that it passes 600 horizontally, and consequently, there is a 
simple closed curve m on such that g'{u) is homotopic to Uqo- By pulling back 
this to Mi, we see ^f^{u) is homotopic to prec(c) for large i. This means that n{a)i 
is bounded as i — > 00, and hence |»T.(&)i| goes to 00. 

We next consider the case when g' goes fc-times around T for fc e Z \ {0}. 
Then, there is a simple closed curve u on S' as above such that we can homotope 
{Pi^)~^ o g'{u) to Ui after passing fc-times through Vi. This means that the kn{i)- 
time Dehn twist of Ui around c represents a constant homotopy class for large i. 
Therefore, |n(a)i| grows in the order of |fc?^(^)| and |?^(6)i| in the order of |(fc + l)rt(z)| 
in this case. 

In either case, we see that |n(6)i| goes to 00. Therefore, by §6 of [IT. again, the 
projection of the shortest pants decomposition Cn. to CC{A) also goes around n'{i) 
times around c with n' (i) — >■ 00. This shows that the Hausdorff limit of {c„;} 
contains c as a minimal component. 

(b) Next we consider the second case when g'{c) is homotopic to a core curve of 
an open annulus boundary component T which touches a geometrically finite end 
e of M. The end e corresponds to E x {1} for some essential subsurface E of S* 
and has some conformal structure . By the definition of conformal structures on 
the geometrically finite bricks of M, there is a subsurface Ei in S such that (S^, Ui) 
converges to (E,7is) geometrically. Since T is assumed to be algebraic, a frontier 
component c of E is pulled back to a frontier component Ci of E^ such that ^'f^(c) 
is homotopic to q. This implies that the length of c with respect to rii goes to 0, 
and the pants decomposition c„; must contain c. Therefore c is contained in the 
Hausdorff limit of {c„.} also in this case. 

(c) Now, we consider the third case when g'{c) is homotopic to a core curve of 
an open annulus boundary component T whose ends touch only simply degenerate 
or wild ends. Suppose, seeking a contradiction, that there is a minimal component 
d of v'^ intersecting c transversely. By the argument of the case (a) above, we see 
that d cannot intersect an upper algebraic parabolic curve on S whose image by g' 
is homotopic into a torus boundary component. 
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We shall first show that there is a simply degenerate end corresponding to E x {t} 
lying above g'{S) and an essential surface F containing d such that g'{F n S) is 
vertically homotopic to E x {t—e} for any small e, and d intersects FnS essentially. 
(Here n E is assumed to have no inessential intersection. This can be achieved by 
making their frontiers geodesic with respect to some fixed hyperbolic metric on S.) 
Suppose first that there is an upper algebraic simply degenerate end corresponding 
to E X {t} such that E intersects d essentially. (This is equivalent to saying that d 
intersects the minimal supporting surface of an upper ending lamination essentially.) 
Then, by letting F be the entire S, the condition above holds. 

Suppose next that d can be homotoped to be disjoint from any minimal support- 
ing surface of the upper ending lamination (i.e. E for algebraic simply degenerate 
ends as above) . Let F be a component of the complement in S of the union of the 
minimal supporting surfaces of the upper ending laminations and annular neigh- 
bourhoods of parabolic curves of the case (a) above, which contains d. Since c 
cannot intersect the minimal supporting surface of an upper ending lamination and 
a parabolic curve of (a) above, c is also contained in F. Consider simply degenerate 
ends or a lower horizontal annulus of a torus boundary corresponding to E' x {t} 
above g'{S) such that E' intersects d essentially. We can see that such ends exist 
since the boundary component into which g'{c) is homotopic touches either a simply 
degenerate end or a wild end and there is no essential half-open annulus tending to 
a wild end. We take a lowest one among such E' x {t}, and denote it by E x {t}. 
Then (E H F) x {t — e} is homotopic to .g'(E OF) in M for any small positive e. 
(See Figure [31) 

Suppose first that the end corresponding to E x {t} is simply degenerate, and 
denote it by e. Let A be the ending lamination of the end e, and B the brick 
of M containing e. By Corollarv 14.181 there are bricks i?^ = E^ x containing 
{pf^)~^{B) and geodesies 7^ supported on E^ whose length goes to 00 as i 00. The 
approximate isometry induces a homeomorphism : E E^. Also, we know that 
for the last vertex ti of 7^, its image {fi)~^{ti) converge to the ending lamination 
A. By the same argument as before using §6 of [27|, we see that {{fi)~^7Ts.{Cmi)} 
converges to A. 

Since g'{F n E) is vertically homotopic into E x — e} in M for any small 
positive e, we see that fi\{F n E) is homotopic to the identity map on F n E. 
Since A is arational in E, and E intersects d essentially, we see that A intersects 
d essentially. On the other hand, {/^"^(cmi)} converges to a geodesic lamination 
containing A whereas {cm;} converges to v containing d, both in the Hausdorff 
topology. Considering the fact that /i|F n E is homotopic to the identity, we see 
that this is impossible. 

Next suppose that E x {t} lies on a torus boundary component T. Then E is 
an annulus. Let E^ be the lower horizonal annulus on p~ (T). Then by the same 
argument as in the case (a) , we see that tte^ (c„^ ) spirals around the core curve of E^ 
more and more as i — ^ 00. Since (EnF) x {t—e} is homotopic to g'(T,nF) and EnF 
intersects d essentially , this shows that the Hausdorff limit of {cm} intersects d 
transversely. This is a contradiction. Thus we have shown that an upper algebraic 
parabolic curve cannot intersect a minimal component of transversely. 

To complete the proof, it remains to show that has no minimal component 
that is not a compact leaf and is disjoint from the minimal supporting surfaces of 
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e=Sx{t} 




Figure 3. The definition of F and the lowest end 



the ending laminations of upper algebraic simply degenerate ends. We also recall 
that no minimal component of intersects an upper parabolic locus regarded as 
lying on S, as has been shown above. Let Si, ... , 'Sj^ be the minimal supporting 
surfaces of the ending laminations of upper algebraic simply degenerate ends. (We 
take these so that their boundaries are totally geodesic with respect to the fixed 
hyperbolic metric on S.) Let be a component of the complement of the union of 
Uj'Li'Sj and all upper parabolic loci, which we take to be geodesies. What we have 
to show is that every minimal component d of v'^ contained in _F is a simple closed 
curve. 

The argument is quite similar to that of the case (c) above. Before dealing with 
the general situation, we begin with considering the special case when g'{F) is 
homotopic into an end lying above g'{S). The end cannot be wild since there is 
no essential open annulus tending to the end, hence is either geometrically finite or 
simply degenerate. Then there is an incompressible subsurface S' of S containing 
F such that g'{F) is homotopic into an end corresponding to S' x {s} (i.e. into 
S' X {s — e} for any small positive e), where s = 1 if the end is geometrically finite. 
We first consider the case when s = 1 and S" x {1} is geometrically finite. By our 
definition of geometrically finite ends of M, the surface S' x {1} has a hyperbolic 
metric rioo which is a geometric limit of {S,ni) with base point lying in the thick 
part of {Sl,ni\S'^) for some subsurface S"- homeomorphic to S". Since _F x {1 — e} 
in M is homotopic to g'{F), we see that S'^ contains F for large i and that ni\F 
converges to noo|i^ preserving the markings. Note that i'~^\F is a Hausdorff limit of 
Cni\F and d is contained in it. Since ni\F converges to Uoa, we see that a minimal 
component of the Hausdorff limit v'^ of {c„.} contained in F must be a compact 
leaf. 

Next suppose that there is a simply degenerate end e of M of the form S' x {s} 
lying above g'{S) into which g'{F) is homotopic. Then this end cannot be algebraic 
since F lies in the complement of the minimal supporting surfaces of ending lami- 
nations of upper algebraic simply degenerate ends. Let i? be a simply degenerate 
brick containing S' x {s}, and Ae the ending lamination of e. Since S" x {s} is not 
algebraic, F is an essential subsurface of S'. Now, by CoroUarv 14.181 there is a 
brick of the form S"- x [s;, ti] in containing {pf^)^^ {B Ci Bxtn (M, a;oo)) in which 
a tube union corresponding to a geodesic is put. Also, for a homeomorphism 
fi : S' ^ 5- induced from {pf^)~^\dieaiB, the image of the last vertex or the lam- 
ination corresponding to the endpoint at infinity of ji under /"^ converges to the 
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ending lamination Ae . By the same argument as before using §6 of [27j , this imphes 
that fj^^{Trs'.{cni)) converges to Ag. Now, since g'{F) is homotopic into S" x {s} 
and Ae is arational, this shows that the Hausdorff hmit of {c„. |J^} consists only of 
arcs. Therefore, F cannot contain d, contradicting our assumption. 

In general, as in the argument of (c) above, there is a simply degenerate end 
or a horizontal annulus on a torus boundary component, corresponding to S x {t} 
situated above g'{S), such that g'{{F n E) x {t — e}) is homotopic into g'{F) in M 
for any small positive e and Fr(i^n S) intersects d essentially. (See Figure [3] again.) 
Suppose first that S x {t} corresponds to a simply degenerate end e. Then as in the 
argument in (c) above, c„. |(-F H S) must converge to the restriction of the ending 
lamination Ae of e to F. Since Fr(i^ n S) intersects d essentially and Ae is arational 
in E, this shows that the Hausdorff limit of c„. |(i^ n S) intersects d transversely. 
This is a contradiction. 

Next suppose that E x {t} lies on a torus boundary component T. As in the 
argument in (a) and (c) above, the Hausdorff limit of c„. \F has a leaf running along 
F n E. Since F D'S intersects d essentially, this again implies that the Hausdorff 
limit of c„. intersects d transversely, which is a contradiction again. Thus we have 
shown that every minimal component of the Hausdorff limit of {c„j} contained in 
F is a compact leaf. This completes the proof of Theorem 15.21 □ 

Theorem [5] in Sj3]is obtained as a corollary of Theorem l5.21 as follows. 

Proof of Theorem\M Each simply degenerate end of M is mapped to that of (Moo)o- 
Let p : M' — >■ M^o be a covering associated to the inclusion of the algebraic limit F 
into the geometric limit Goo ■ By the covering theorem of Thurston [35] and Canary 
|14) . each simply degenerate end of (M')o has a neighbourhood which is mapped 
homeomorphically to a neighbourhood of a simply degenerate end of {M^)q. Fur- 
thermore the ending lamination of an end of {M')q is identified with that of the 
corresponding end of (Moo)o by p, which follows immediately by the definition of 
ending laminations. Therefore the algebraic simply degenerate ends of M corre- 
spond to simply degenerate ends of (M')o one-to-one preserving the ending lami- 
nations. It is also obvious that upper (resp. lower) ends of M correspond to upper 
(resp. lower) ends of (A/')o. Similarly the algebraic parabolic curves correspond 
to the core curves of the parabolic loci of M' . These show that Theorem [2] follows 
from Theorem 15.21 □ 

Lemma 5.3. Let {gi\ he a sequence in the Teichmilller space T{S) which con- 
verges to a projective lamination [^] in the Thurston compactification. Let ci be a 
pants decomposition on {S,gi) whose total length is uniformly bounded. Then the 
Hausdorff limit of any subsequence of {ci} contains all the components of \fi\ as 
minimal components. 

Proof. Let A be the Hausdorff limit of a convergent subsequence of {q}. Since 
Ci is pants decomposition of S, there is no measured lamination on S which is 
disjoint from c^, other than the components of c^. Therefore there is no measured 
lamination on S which is disjoint from A, other than minimal components of A. Let 
yCto be a component of /x, and suppose that its support is not a minimal component 
of A. Then /zq must intersect A essentially. 

We shall first consider the case when is not a simple closed curve. Let E 
be the minimal supporting surface of /xq. We consider a sequence of essential arcs 
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and simple closed curves n S on E. Note that Ci n S converges to A n E with 
respect to the HausdorfF topology, which is non-empty. If A n E contains a minimal 
component contained in IntE, then there is a sequence of positive numbers going 
to such that r^Ci H E converges to a measured lamination 7 in E. Otherwise we 
can find a bounded sequence of positive numbers such that {riCi} converges to 
a union 7 of essential arcs. (The limit is taken in the space of weighted essential 
curves in E with the weak topology.) In either case, let R be max^r^. Now, 
lengthg.(ci) > r.i lengthy. (ci)/i?, where the right hand goes to 00 since i(^o,7) > 
and an arc with non-zero intersection with the Thurston limit has length going to 
00 if we consider hyperbolic structures on E with geodesic boundaries. This implies 
that lengthg. (ci) must also go to 00, which is a contradiction. 

Next suppose that fxo is a simple closed curve. If the length of /io with respect 
to Ui goes to 0, then we can take an annular neighbourhood Ai{fio) of /xo whose 
width (with respect to rii) goes to 00 as i — > 00. Since A intersects /xg essentially, 
Ci passes through Ai{fio) for large i. This implies the length of Ci in (S*, n^) goes 
to 00, which is a contradiction. Next suppose that the length of fiQ is bounded 
from both above and below by positive constants. Then we can take an annular 
neighbourhood Ai{po) whose width is bounded away from 0. Consider the shortest 
essential arc in Ai{fiQ). Since /io is contained in the limit lamination [fi] of {gi}, 
the shortest arc must spirals around fiQ more and more as i — )• 00. Since A 
does not contain /io, the number of spiralling of Ci around /io is bounded. This 
means twisting number between and Ci\Ai(fj,Q) goes to 00. Therefore, the length 
of Ci\Ai{fio) goes to 00 as i — > 00. In the case when the length of /xq goes to 00, 
we take Ai(/io) whose width goes to as i — >■ 00. Also in this case, the shortest 
essential arc spirals around /xq more and more as i — 00. Since the twisting 
number between and Ci\Ai{fio) goes to 00 also in this case, we see that the length 
of Ci\Ai{fio) goes to 00. This is a contradiction. □ 

Combining this lemma with Theorem 15. 2| we get the following corollary. 

Corollary 5.4. Let [/i+] and [fi^] be projective laminations to which {m^} and 
{ui} converge in the Thurston compactification ofT{S) after taking subsequences. 
Then each minimal component of j/i"*"! is either the ending lamination of an upper 
algebraic simply degenerate end or an upper algebraic parabolic curve o/M. Simi- 
larly, each component of \fi^\ is either the ending lamination of a lower algebraic 
simply degenerate end or a lower algebraic parabolic curve o/M. 

Proof. Each component of |/i'*'| that is not a simple closed curve is the ending 
lamination of an upper simply degenerate end by Theorem l5.2l and Lemma 15.31 Let 
c be a component of |/i+| which is a simple closed curve. Then by Lemma |5. 11 ip{c) 
is parabolic. Therefore c is an algebraic parabolic locus in M. It remains to show 
that c is upper. 

Suppose that c is not upper, seeking a contradiction. This assumption implies, 
in particular, that if c is isolated and is homotopic to a curve lying on a torus 
boundary T of M, then the standard algebraic immersion g' does not go around T. 
Since there is no essential half-open annulus tending to a wild end, there are only 
three possibilities for the curve g'{c): (1) the first is when c lies in a domain F oi S 
as a non-peripheral curve and g'{F) is homotopic into some simply degenerate end 
above g'{S), (2) there exists F containing c as above such that g'{F) is homotopic 
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into geometrically finite end, lying on S x {1}, and (3) the third is when there is 
an upper algebraic parabolic curve intersecting c essentially on S. 

(1) Suppose that g'{F) is homotopic into a simply degenerate end e. Then 
its ending lamination Ae intersects c essentially. We shall argue as in the proof 
of Theorem I5.2[ where we dealt with the case when g'(S') is homotopic into a 
simply degenerate end. Let B = S' x [s,t) be a simply degenerate brick of M 
containing e. By Corollarv l4.181 there are a brick Bi = S'^ x [si, ti] in containing 
{p^)~^{B n Bj^in (M, a;oo)) and a geodesic -fi in hi supported on S*- which induces 
a tube union in Bi. As before there is a homeomorphism fi : S' ^ S'i induced from 
iPi^)~^\drca.iB, such that for the last vertex Vi of 7^ its image f^^{vi) converges to 

Ae. 

Let A{c) be an annulus with core curve c. Since F is homotopic into e, we see that 
fi\F is homotopic to the identity. In particular, we can assume that fi\A{c) is the 
identity. Therefore Vi\A{c) — f^^{vi)\A{c) converges to some vertex in CC{A{c)), 
corresponding to T^A(c){^e)- This implies, again by the argument of §6 of Masur- 
Minsky [27], that {c„JA(c)} converges to some vertex in CC{A{c)) after passing 
to a subsequence. On the other hand, by Lemma f5.3i {c„.} must converge to a 
lamination containing c in the HausdorfF topology. This is a contradiction. 

(2) In the second case, g'{F) is homotopic into an upper geometrically finite end 
of M. Take a simple closed curve S on F intersecting c essentially. Since g'{d) is 
homotopic to a curve in an upper geometrically finite end, which is a geometric 
limit of {S, rrii) with base point in _F, we see that lengthy. {5) is bounded as i — > 00. 
This contradicts the assumption that c is contained in /i"*". 

(3) In the third case, let d be an upper algebraic parabolic curve with i(c, d) > 
0. Recall that c is a minimal component of the Hausdorff limit of {crm} by 
Lemma [5731 Therefore, d intersects a minimal component of transversely in this 
situation, contradicting Theorem 15.21 Thus we have completed the proof. □ 

6. Proofs of Theorem [TJ Theorem [3] and Theorem [5] 

We can now prove Theorem [1] Theorem [3] and Theorem [5] making use of our 
results in the previous section. 

6.1. Proof of Theorem [H We consider the geometric limit Afoo of Mi and the 
model M of its non-cuspidal part as before. By the definition of algebraic simply 
degenerate ends of M, they are mapped to simply degenerate ends of (Moo)o which 
lift to those of the algebraic limit {M')q. Upper ends among them are mapped to 
those lifted to upper ends of (Af')o, and lower ones to those lifted to lower ends 
of {M')q. Now, by Corollary 15. 4[ every component of that is not a simple 
closed curve is the ending lamination of an upper algebraic simply degenerate end. 
Therefore, it is the ending lamination of a upper simply degenerate end of {M')o. 
The same argument works for 

The second paragraph of the statement also follows immediately from Corollary 

EH 

6.2. Proof of Theorem [S], Suppose, seeking a contradiction, that {qf{mi,ni)} 
as in the statement of Theorem [3] converges after taking a subsequence. Then by 
Theorem[Tl /ij is an ending lamination of an upper end of (M')o and (Xq is that of a 
lower end of (Af')o. Let and S" be the minimal supporting surfaces of (Iq and 
fiQ respectively, which were assumed to share at least one boundary component c. 
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Since c lies on the boundary of both and it represents a Z-cusp both above 
and below ^'(S'). This is impossible since no two distinct cusps have honiotopic 
core curves. 

6.3. Proof of Theorem m As in the statement, let fi~ and /i"*" be two measured 
laminations on S whose supports share only simple closed curves ci, . . . , c^. By our 
assumption, there is a component fiQ of either /i+ or /i^ whose minimal supporting 
surface S(/io) has some cj among ci, . . . , Cr on its frontier. We can assume that /io 
is a component of /i"*" since the other case can be deal with in the same way just 
turning everything upside down. 

By Corollary 15.41 a curve Cj shared by fi~ and /i"*" is both upper and lower 
algebraic parabolic curve. On the other hand, by Corollarv l5.4[ there is an upper 
algebraic simply degenerate end of M in the form S(/io) x {t} which has |/io| as the 
ending lamination. This implies that there is a boundary component of M which 
is an open annulus with core curve homotopic to Cj . By Lemma 14.41 this shows 
that Cj cannot be a lower algebraic parabolic curve. This is a contradiction, and 
we have completed proof of Theorem [5l 

7. Proof of Theorem [6] 

7.1. Necessity. We shall first show that the condition (1) is necessary. Suppose, 
on the contrary, that there is cj among ci, . . . , Cr such that lengthy, (c^) goes to 
whereas {{Gi,(l)i) — qf{mi,ni)} converges. (The argument for the case when 
lengthy, (cj) goes to is quite the same.) Let Goo be the geometric limit of a sub- 
sequence of {Gi} as before, and set Mi = M'^/d and M^o = H^/Goo- Consider the 
model manifold M of {Moo)o- By Corollarv l5.4l cj is an upper algebraic parabolic 
curve. Let g' : S M he a standard algebraic immersion. Since length„.(cj) — ?► 0, 
the boundary blocks of corresponding to the upper boundary are pinched along 
an annulus with core curve Cj and are split in the geometric limit. By pushing 
forward this core curve and ^i{cj) to Moo and pull it back to M, we get a homo- 
topy between a core curve of an open annulus component of 9M and g'{cj). By 
Lemma l4.41 this shows g'{S) cannot go around a torus boundary component whose 
longitude corresponds to Cj. In particular, Cj cannot be a lower algebraic parabolic 
curve. This contradicts, by way of CoroUarv 15.41 the fact that also contains 
Cj. This completes the proof of the necessity of the condition (1). 

Next we turn to show the necessity of the condition (2). By Corollarv l5.4l again, 
we see that if {{Gi,(j)i)} converges algebraically, each of ci, . . . ,Cr must be both 
upper and lower algebraic parabolic curve. By Lemma 14.41 this is possible only 
when g' {S) goes around a torus boundary component Tj of M whose longitude is 
homotopic to g'{cj) for each j = 1, . . . ,r. Suppose that g'{S) goes aj times around 
Tj for Gj € Z\{0}, where we define the counter-clockwise rotation to be the positive 
direction in Figure [1] As a convention we define the condition aj — means that 
g'{S) passes below Tj. If g'{S) passes above Tj not going around it, we define aj 
to be —1. 

Let Mi be a model manifold of {Mi)o. Since Mi[0] converges to M[0] geomet- 
rically, there is a torus boundary Tj{i) of Mi[0] which is mapped to Tj by the 
approximate isometry pf^. The torus Tj{i) consists of two horizontal annuli and 
two vertical annuli. We choose an oriented meridian-longitude system of Tj in such 
a way that the longitude Ij lies on a horizontal annulus and the meridian rrij is 
shortest among all the simple closed curves on Tj intersecting the longitude at one 
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point. We define the orientation of Ij so that the positive direction of Ij is induced 
by the right-hand twist around Cj . By pulling back this system using the approxi- 
mate isometry pf^ between MJO] and M[0], we get a longitude and a meridian 
mj{i) on Tj{i). There is a Margulis tube Vj{i) attached to Tj{i) in Mj. The com- 
pressing curve of Vi{i) intersects the longitude only at one point. Therefore 
we can express the homology class of the compressing curve as ki[lj{i)\ ~\- [mj[i)\. 
Since Tj{i) converges geometrically to a torus boundary component of M, we have 
\ki\ -> oo. 

Fix some j and consider Cj. In M, there is a block intersecting Tj by an 
annulus containing the upper horizontal annulus of Tj in the middle. Similarly, 
there is a block B~ intersecting Tj by an annulus containing the lower horizontal 
annulus of Tj in the middle. One or both of these may be boundary blocks. We 
shall only consider the case when Uj > 0, i.e. the case when g'{S) goes around Tj 
counter-clockwise in Figure 1. Since Cj is an algebraic parabolic curve, the standard 
immersion passes through both B~ and B^ . 

Now, consider a simple closed curve 7" in B^ which is homotopic to a core curve 
the lower horizontal annulus if is an internal block. When is a boundary 
block, we consider horizontal upper boundary components of B^ adjacent to A~ . 
If Cj is separating, there are two such surfaces, whose union we denote by A^, and 
if Cj is non-separating there is only one such surface, which we denote by A^. We 
take a simple closed curve 7" which lies in A~ U A~ and intersect the core curve of 
A~ at two points when Cj is separating and at one point when Cj is non-separating. 
We define 7^ in the same way. By pulling back 7+ and 7^ by (pf^)^^, we get 
simple closed curves 7^(i) and 7~(i). Using the vertical projection to S in M^, we 
regard 7~'"(i) and 7^(i) also as curves on 5'. 

Let g[ : S Mj be a pull-back of the standard immersion g' obtained by 
composing We consider to homotope g[ to unwrap it around Tj[i) and 

make the surface pass under Tj{i), by making it pass aj times through Vj{i). Let g'/ 
be a surface obtained by modifying the part of g[ going around Tj{i) to a horizontal 
surface and giving a natural marking coming from the structure of S" x /, which is 
equal to a marking determined by a pull-back of a horizontal surface in M obtained 
by removing the parts of g' going around torus boundaries. Note that g'/ and g[ 
are not homotopic as maps because of the difference of markings. (This means that 
g'/ is not homotopic to ^f^-) Each time g'i{S) passes through Vj{i), a curve S on 
5" intersecting Cj is twisted fci-times around Cj. (It goes j/cij-times around Ci in the 
same direction as k if fc^ > and in the opposite direction if ki < 0.) Since 7~(«) is 
homotopic to gi{'y~), we see that g'iiTcj'^^ is homotopic to 7~(i). Similarly, 

since 7+(i) is homotopic to g"(''''°' (7^))' that gi{Tc-^°'^^^\'j^)) is homotopic 

to 7^(«). 

Let hi be a hierarchy of tight geodesies for as before. Since Vj (i) appears as 
a Margulis tube in M^, we see that an annular neighbourhood A{cj) of Cj supports 
a geodesic Ji{cj) in hi. By the definition of gluing blocks in Minsky [29], we see 
that T^A{cj){l~ i^)) is the initial marking and 7r^(cj)(7~'"(*)) is the terminal marking 
of Jiicj) if both B~ and B'^ are interior blocks. By §6 of Masur-Minsky [271, this 
implies that 7r^(c^.)(/(ft,i)) is in a uniformly bounded distance from 7r^(cj)(7 (*)) and 
''^A(cj){T{hi)) is in a uniformly bounded distance from 7r^(cj)(7~'^(*))- Even when 
or B'^ is a boundary block, we have the same property: for, since the length of 7~(i) 
or 7~'"(j) is bounded, its projection to A{cj) is within bounded distance from those 
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of I{hi) or T{hi). Since g[ is homotopic to $i for large i, we see that nA{cj){I{hi)) is 
within a uniformly bounded distance from 7r^(cj)(Tc/"^ (7~)); whereas 7r^(c^.)(T(/ij)) 
is within a bounded distance from '^A(cj)i'''cj^'^'^^\l^))- This shows that if we 
consider the pushed-forward metrics (tc^'^'"^ )*"^^ and (tc^'^'*'"^^^'')*?!, instead of 
and Ui, then 7r^(cj)(7^) is within a bounded distance from the projection of the 
terminal marking and 7I'a(cj)(7 ) is within a bounded distance from that of the 
initial marking. By Lemma 15.31 this implies that the limits of {Tc^^^°'')^mi and 
*7ii in the Thurston compactification of T{S) do not contain Cj as a 
leaf. We repeat the same argument for every Cj, and let and be —kiaj and 
—ki{aj + 1) respectively. This completes the proof of the necessity. 

It is clear that if aj < 0, then Cj is an upper parabolic curve since g' goes around 
the torus containing Cj in the counter-clockwise and f{cj) is lifted to a curve lying 
above the core surface obtained the lift oi f o g' in M' . This shows that Cj is a core 
curve of an upper parabolic locus if aj > 0. We can argue in the same way also 
when aj < 0. 

7.2. Existence. We shall next show that the existence of limits of quasi-Fuchsian 
groups satisfying the conditions (1) and (2). Our construction just follows the 
argument of Anderson-Canary [2,. 

We first construct a geometrically finite Kleinian group Fq such that N = H'^/Fo 
is homeomorphic to the complement of Cj x {1/2} {j — 1, . . . ,r) in S x [0, 1], and the 
conformal structures corresponding to the ends S x {0} and S x {1} are the same 
point niQ e T{S). (Here we identify S with S x {0} and 5* x {1} by the natural 
inclusions.) We consider an immersion go : S ^ Nq which is in the standard form 
in the sense of Lemma 14.41 , and wraps aj times around each Cj x {1/2} counted 
counter-clockwise as in Figure[T]when we identify A^o with its embedding in S'x [0, 1]. 

Next, we consider a quasi-conformal deformation of Fq. Let and 

, . . . be the components of ^~ and /i+ that are not the shared simple closed 
curves. We define a Kleinian group F^ to be one obtained by deforming the con- 
formal structures mo on S" x {0} by the earthquake with respect to k(Uj^i^~) and 
Too on S* X {1} by the earthquake with respect to fc(U*-^i/z^). Let Nk be H^/Ffe 
and hk ■ N ~^ Nk a natural homeomorphism derived from the quasi-conformal 
deformation. We regard A^fc also as embedded in S' x [0,1] in such a way that the 
images of drilled out curves lie on 5 x {1/2}, and the natural identification of this 
S X [0, 1] with the one in which TV is embedded is compatible with hk- Then we get 
an immersion : — )■ A^^ which is defined to be the composition hk o go- 

In the manifold A^, every essential annulus either intersects a torus cusp or ^+ U 
fj,^ , or has boundary contained in a component of 5 x {0} \ S x {1} \ where 
the conformal structure is not deformed, by the conditions (1*), (2*), and (3*). 
Therefore, by the main theorem of [3T], we see that A^^ with marking determined 
by hk converges algebraically to a hyperbolic 3-manifold N^o — Et'^/Foo with a 
homeomorphism h^o '■ A — > Nao ■ The laminations fj,^ , ■ ■ ■ , /xj ; /i^ , ■ ■ • , Mt" represent 
ending laminations of simply degenerate ends. The convergence is strong, by the 
covering theorem of Thurston and Canary ([38], [M]) combined with Abikoff's 
Lemma 3 in [1]. Let goo ■ S — >■ A^oo be an immersion which is defined to be hoo ° go- 

Let Ij and nij be a longitude which hes in a tubular neighbourhood of cj x {1/2} 
lying on a level surface along cj x {1/2}, and any meridian intersecting Ij at one 
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point. Let rrij^k) and lj{k) be a meridian and longitude in Nk obtained by pulling 
back nij and Ij using approximate isometries. We orient them so that {lj,mj) de- 
termines an orientation of a torus around Cj x {1/2} whose normal vectors point 
to the inside of Noo- Now, we consider a hyperbolic Dehn filling of Nk such that 
the compressing disc is attached along a curve represented by —k[lj{k)] + [r7ij(fc)]. 
Since Nk converges geometrically to A^oo, we see, by passing to a subsequence, 
that the filling corresponding to —k[lj{k)] + [mj{k)] is hyperbolic. We define Mk 
to be thus obtained geometrically finite hyperbolic 3-manifold, which is homeo- 
morphic to S* x (0, 1). We let Gk be the corresponding quasi-Fuchsian group, and 
(pk ■ TTi{S) — > 7ri(A/fc) an isomorphism derived from the pull-back of gk by an ap- 
proximate isometry between Nk and Mk- By the same argument as in [2], we see 
that the conformal structure at infinity of Mk on the end corresponding to S x {0}, 
denoted by nik, is obtained by performing the kaj-time (right-hand) Dehn twist 
around the Cj and the earthquake along fc(/i^ U • • • U fi'^) from mo and that on the 
end corresponding to 5* x {!}, denoted by nk, by performing the k{aj + 1)-Dehn 
twist around the Cj and the earthquake along k{fj.'^ U • • • U fJ.^)- This shows that 
the limits in the Thurston compactification of the conformal structures and Uk 
are and respectively, and that those of (tJ^'"'"^ o • • • o T^J'°"')*{mk) and 
^^-fe(ai-i-i) Q . . . Q Tc^''^'^''^^^)*{nk) are [fi^ U • • • U /i^] and [^^ U • • • U fi^] respec- 
tively. In the case when one of these latter two projective laminations is empty, the 
corresponding conformal structure stays in a compact set of the Teichmiiller space. 

By the diagonal argument, we see that {(G/c,(^fc)} converges algebraically to a 
subgroup of Too corresponding to the covering of A^oo associated to (goo)*T^iiS). 
Thus we have obtained a sequence of quasi-Fuchsian groups {(Gfc,0fc)} as we 
wanted. 

For the example which we have constructed above, if either fi" or /i+ consists 
only of ci, . . . ,Cr, then (rj^'^'^o- • ■oT~''°'^)^{mk) or (tc7'''-'''+^^ o • • ■oTc,'''^°"'^^^)^{nk) 
stays in a compact set of the Teichmiiller space. We can also make it converge to 
a projective lamination or i/^ not containing Ci , . . . , Cf cLS leaves, by composing 
the earthquake along \fkv~ or 

8. Non-existence of exotic convergence 
We shall prove Theorem [T] 

Let r be a b-group as in the statement and V' : tti (JS) ^ F an isomorphism giving 
the marking. Let {(Gi,(/()i)} be a sequence of quasi-Fuchsian groups converging to 
(F, What we need to show is that the conformal structures at infinity of the 
bottom ideal boundaries of the Mi = H'^/Gi are bounded in the Teichmiiller space 
then. 

Let Moo be a geometric limit (a subsequence) of Mi with basepoint coming from 
a fixed basepoint in H'^ as usual. Let M be a model manifold of (Moo)o with a 
model map /oo : M — >• (M^)q. Let 5' : S' — )■ M be a standard algebraic immersion. 
By our assumption, there is no isolated algebraic parabolic loci in M. This implies 
by Lemma |4 . 71 that there is no torus boundary around which g' can go. If there is an 
algebraic simply degenerate end below g'{S), it is mapped to a simply degenerate 
end of (Moo)o which is lifted to a lower simply degenerate end of (EI^/F)o. This is 
a contradiction since F is a b-group. Similarly, there is no lower algebraic parabolic 
locus. Since g' does not go around a torus boundary component, an end closest 
to g'{S) among those below g'{S) must be algebraic. These imply that the only 
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possible end below g'{S) is a geometrically finite end corresponding to the entire 
S X {0}. 

The diameter of the manifold cobounded by foo o g'{S) and the lower boundary 
of the convex core in (Afoo)o is finite since the manifold cobounded by g'{S) and 
S X {0} in M has finite diameter. This cobordism in {Moo)o can be pulled back to 
{Mi)o for large i. It follows that the lower convex core of Mi converges geometrically 
to that of Moo, and hence the marked hyperbolic structure on the lower boundary 
component of the convex core of Mi converges to that of A/qo- This shows that the 
lower conformal structure at infinity of is bounded in the Teichmiiller space as 
i — >■ oo by Sullivan's theorem (see Epstein-Marden [17] )• 

9. Self-bumping 

In this section, we shall prove Theorem[8]and Corollary|9l For that, we shall show 
that for {qf{mi, rii)} as in the statement of Theorem[8l there is a continuous defor- 
mation to a strong convergent sequence whose algebraic limit is a quasi-conformal 
deformation of F. This will be done by using a model manifold of qfirrii, rii) with a 
special property, which we shall construct in Lemma 19.21 Let us state the existence 
of a deformation as a proposition. 

Proposition 9.1. We consider quasi- Fuchsian groups qf(mi,ni) and their alge- 
braic limit (F, t/)) OS in Theorem\^ Let ci, . . . ,Cs he core curves of the upper par- 
abolic loci and c[,...,c[ be those of the lower parabolic loci on S of (F,-!/)). Then, 
passing to a subsequence of {{mi,ni)}, there is an arc ai : [0,1] —> QF{S) with 
the following properties. Let (fhi^fii) denote a point in T{S) x T{S) such that 
qf{Thi,ni) = a.i(l). 

(1) a.i{Q) = qf{mi,ni). 

(2) {ai{l) — qf{mi,ni)} converges strongly to a quasi-conformal deformation 
(F',V'') o/(r,V') asi-^oo. 

(3) The length of each of Ci, . . . ,Cs with respect to fii goes to and the length 
of each of c'l, . . . with respect to fhi also goes to as i —> oo . 

(4) In the case when T is a b- group, the lower conformal structure at infinity 
of ai{t) is constant with respect to t, for every i. 

(5) For any neighbourhood U in AH(S) of the quasi-conformal deformation 
space QH{T,ip), there exists io such that for i > iq, the arc ai is contained 
in U . 

9.1. Proof of Proposition [9lll Set {G^,(p^) = qf{m^,n,) and M, = M^/Gi. We 
consider the geometric limit M^o of Mi with basepoints coming from some fixed 
basepoint in H'^. Let M,; be a bi-Lipschitz model of (Afi)o and M that of (Moo)o 
as before. Let : 5 — ^ M be a standard algebraic immersion as in Lemma 14.41 
Let E^, . . . ,EP be the algebraic simply degenerate ends of M. We shall consider 
to deform {{Gi, (pi)} to make all of these ends lie on S* x {0} U S x {1} in the new 
geometric limit. 

We renumber , . . . , so that E^, . . . ,E'^ are upper ends whereas , . . . ,EP 
are lower. (It may be possible that p = or q = p.) Since we assumed that F has 
no isolated parabolic loci, each of Ci, ... ,Cs is homotopic to a component of FrE-' 
for j = 1, . . . , g and each of c'l, . . . ,c[ is homotopic to a component of FrE^ for 
j — q + 1, . . . ,p. We let be a subsurface of S such that E^ is contained in a 
brick of the form E-' x J^ . We shall show that we can modify model manifolds 
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Mi and M so that there are two horizontal surfaces in a new model manifold, one 
containing all the upper ends E^,...,E'^ and the other containing all the lower 
ends £;«+!,..., £;P. 

Lemma 9.2. There are uniform bi-Lipschitz model manifolds for {Mi)o and 
M' for (Afoo)o; both of which are embedded in S x [0, 1] preserving horizontal and 
vertical foliations, and have the following properties. 

(1) M^[/c] converges geometrically to M'[fc] for every k £ {0, 1, . . . , }. 

(2) There is a homeomorphism from M to M' taking algebraic loci of M to 
those o/M'. (See j j^.g| /or the definition of algebraic locus.) 

(3) We use the same symbol {j = 1, . . . ,p) to denote the end of M' corre- 
sponding to E^ o/M. Then, E^ is contained in a brick = T,^ x o/M' 
such that inf 51 = • • • = inf B?, sup = • • • = sup B^, sup = ■■■ ^ 
swpBP, and inf _B5+^ = . . . = j^f B^ , with inf B^ > sup B^ unless q ^ or 
p^q. 

(4) An algebraic locus in M' can be homotoped to a horizontal surface lying 
between sup B^ and inf B^ . 

Proof. For each component c of FrS-' for among E"'^, . . . , E"^, we consider a solid 
torus V{c) in S* X (0, 1) which has the form of A{c) x J^, where A{c) is an annulus 
with core curve c and Jc is a closed interval in [0, 1] such that inf Jc = inf B^ and 
sup Jc < supi?^ . Let be the union of all V{c) for all frontier components of 
E^, . . . , E"^. Even if a curve c is homotopic to frontier components of two distinct 
E-' and E-' , we take only one solid torus. In such a case, we take Jc so that 
sup Jc < minjsup B^ , sup B^ }. Similarly, we take T~ for E'+^ , . . . , E^. 

Now for each V{c) = A{c) x Jc in f +, we let V'{c) be A{c) x [5/8, 3/4] in S^x [0, 1], 
and denote the union of such solid tori by . Similarly, for each V{c) in , we 
let V'{c) be A{c) x [1/4, 3/8], and denote the union of such solid tori by T^. Then, 
we see that there is a homeomorphism from S x (0, 1) \ (T~ U T"*"), in which M is 
embedded, to S' x (0, 1) \ (T^ U T^) taking a standard algebraic immersion g' to 
5 X {1/2} since M has no torus boundary around which g' can go (Lcmma l4.7p and 
T~ lies in the lower component of S" x [0, 1] \ g'{S) whereas lies in the upper 
component. 

We let a new brick manifold M be the one obtained by the standard brick 
decomposition of S" x [1/8, 7/8] \ (T~ U T^). Then M consists of bricks lying on 
five levels: the top one S x [3/4, 7/8], those touching T+ along vertical boundaries, 
the middle one S x [3/8,5/8], those touching T" along vertical boundaries, and 
the bottom one S x [1/8, 1/4]. For each i, we define a labelled brick manifold M'^ 
to be the one obtained by attaching two geometrically finite bricks (i.e. boundary 
blocks) S X (0, 1/8] and S x [7/8, 1), one on the top and the other on the bottom 
to M. We give conformal structures to the bottom and to the top. 

Corresponding to M^ , we shall construct a geometrically finite hyperbolic mani- 
folds from Mi using the drilling theorem of Bromberg [TT] and Brock-Bromberg [5] . 
Recall that by fi o {pf^)~^, each boundary component of T"*" and T~ is mapped to 
the boundary of a Margulis tube in Mi . We denote the Margulis tubes in Mi corre- 
sponding to hyVi,..., VI and those corresponding to T~ by Vj* , • . • , V/ , whose 
core geodesies c\, . . . , c!,; c^', . . . , cf correspond to $i(ci), . . . , '&i(cs); '^^(ci) . . . , $4(4) 
Note that the length of each of c^, . . . , c^; c^', . . . , goes to as i — )■ 00. More- 
over, for sufficiently large i, the map fi o (/of^)~^ induces a homeomorphism from 
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S X (0, 1) \ (T+ U T") to Mi. The complement of these curves M, ^ Mi \ (Uj^icj U 
U*=iCj') admits a geometrically finite hyperbolic structure with conformal struc- 
tures rrii at the bottom and at the top, by Thurston's uniformisation theorem. 
Therefore, for sufficiently large i, we can apply the drilling theorem to see that for 
some K independent of i, there is a if-bi-Lipschitz homeomorphism /j between 
M^ \ (^^=iV; U Uj^il//') and (M,)o. 

By the general theory which we developed in §3.4 of [35], we can decompose 
into blocks, which define a metric on M^. Theorem 4.1 in the same paper shows 
that we have an i-bi-Lipschitz model map // : M'^ — !■ {Mi)o, with L independent 
of i. Then, by composing {fi)~^ with we get a i^T'-bi-Lipschitz embedding of 
into Mi, with K' depending only on K and L. By filling appropriate Margulis 
tubes into M^, we get a iC'-bi-Lipschitz model manifold for (Mi)o, with K" 
independent of i, for sufficiently large i. 

It remains to verify that this has the desired properties. Since has de- 
composition into blocks, and is a uniform bi-Lipschitz model for (Mi)o, by the 
argument of §5 of [35], there is a labelled brick manifold M' which is a bi-Lipschitz 
model manifold of (Moo)o such that M^[fc] converges to M'[fc] geometrically. This 
shows the conditions (1) and (2). Since the geometric convergence of M^[fc] to 
M'[fc] preserves horizontal foliations, the bottom annuli of all the boundary com- 
ponents of M' corresponding to lie on the same horizontal surface S x {^i}, 
the top annuli of all the components corresponding to lie on the same hori- 
zontal surface S x {^2}, and ti > <2, with respect to the embedding of M' into 
S X [0, 1] preserving the horizontal and vertical foliations. Therefore, we have 
inf_B^ = ... = inf B^, sup = ... = sup , and we can modify the embed- 

ding by making the height of these bricks sufficiently small to make the condition 

(3) supB^ = ••• = supi?«,inf = ■■■= inf BP hold. Finally, we verify the 
condition (4). Since E^, . . . ,E'^ are upper ends and . . . , are lower ends, 
an algebraic locus must pass under B^, . . . ,B'' and above 5'+^, . . . , W. By our 
assumption, there are no other algebraic ends, neither torus boundary components 
containing algebraic parabolic curves. Therefore, there is no obstruction to ho- 
motope an algebraic locus to a horizontal surface above 5''+^, . . . ,BP and below 
B\...,B'!. □ 

We shall use the symbol g' to denote the horizontal algebraic locus in M' as in 

(4) of the above lemma. (This is the same symbol as the standard immersion in M, 
but there is no fear of confusion since we can distinguish them by model manifolds 
in which they are lying.) 

Take s, t, s' and t' such that B^ = x [s, t) for j = 1, . . . , q and B^ = x (s', <'] 
ior j = q + 1, . . . ,p. Let pf^ denote an approximate isometry between and M' 
which is associated to the geometric convergence of M^[fc] to M'[A:]. We denote 
by x'^ and x'^ basepoints in the thick parts of and M', which we used for the 
convergence. By our construction of M^, there are bricks Bj = x [s,u] of 
which contains {pf^'y^iB^ BK,r.{M' ,Xoo))- 

Now, we shall construct two sequences of markings on S starting from c„i. and 
Cm respectively, and a sequence of markings on for j = 1 , . . . , p, in both of 
which markings advance by elementary moves. Recall that M,^ consists of interior 
bricks lying on five levels and two geometrically finite bricks. Since is a labelled 
brick manifold, there are tube unions in which decompose it into blocks. As 
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was shown in §3.4 in |35j . each real front of every brick intersects tubes so that its 
complement is a disjoint union of thrice-punctured spheres. 

We first consider the bottom interior brick corresponding to 5 x [1/8, 1/4]. We 
denote this brick by Bi. Lemma 4.4 in j35j shows that we have a 4-complete 
hierarchy h{Bi) on S corresponding to tube unions in S^, whose initial marking is 
Crai- I'^ each annular component domain in h{Bi) except for those corresponding 
to tubes intersecting the upper front of Bi, we can put a tight geodesic, which is 
uniquely determined. The length of such a geodesic determines the of the 
Margulis tube which was filled in the corresponding torus boundary of [0] . For 
each annular component domain corresponding to a tube intersecting the upper 
front, we put a geodesic of length at this stage, for the terminal markings for 
such geodesies are not determined if we look only at Bi. We denote by h{Bi) 
the hierarchy obtained by adding such annular geodesies to h{Bi). A resolution 
T{Bi) = {T{Bi)k} of h{Bi) gives rise to a sequence of split level surfaces starting 
from the one lying on the lower front and ending at the one lying on the upper 
front. On the other hand, forward steps in the resolution T{Bi) corresponds to 
elementary moves of markings which can be assumed to be clean. (See Minsky 
Next we consider the top interior brick, which corresponds to x [3/4, 7/8], 
and we denote by Bi. Similarly to the case of Bi, we have a hierarchy h{Bi). 
Reversing the order of slices of this hierarchy, we get a resolution, which we denote 
by T{i3i) = {T{Bi)k}, giving rise to split level surfaces starting from the one on 
the upper front and ending at the one on the lower front, and a sequence of clean 
markings on S advancing by elementary moves. Since is obtained from by 
filling Margulis tubes, the split level surfaces as above can be also regarded as lying 
in M!^. 

Next we consider a brick Bf for j = q + 1, . . . ,p. Again, we have a complete 
hierarchy h(Bf) supported on S-' corresponding to the decomposition of Bf into 
blocks and fiUed-in Margulis tubes. We can take a resolution T{Bf) = {T{Bf)k} 
starting from the restriction of the last slice of T{Bi) to . Similarly, for each brick 
Bl for j = 1, . . . ,p, we have a complete hierarchy h{Bj). We reverse the order of 
slices in this case, and consider a resolution t{B^-) = {T(Bj)k} starting from the 
restriction of the last slice of T{Bi). 

For each n e N, we consider the n-th slice r(i3^)_„ counting from the last one 
of each t{B^) for j = q + 1, . . . ,p. Corresponding to the slice r(i?^)_„, we have 
a split level surface S{Bf){n) embedded in Bf. Taking the union of all S{Bf){n) 
and the thrice-punctured spheres lying on d+Bi \ (U^^p^^iJf ), we get a split level 
surface S~{n). We construct an extended level surface S~ {n) as follows. Let T_ 
union of Margulis tubes intersecting S~ {n). Each torus T in 9T_ is split into two 
annuli by cutting along Tn S~{n), which we call upper annulus and lower annulus 
depending on their locations. We paste the upper one to S~ (n) for each T and 
get a surface homeomorphic to S, which we define to be S^{n). We also regard 
a union of slices, taken one from each T{Bf) {j — q + I, . . . ,p), as a marking on 
the entire S by defining its restriction to S" \ U^^^_,_]^S-' to be the marking defined 
by the last slice of T{Bi), and setting a transversal of a component c of FrS-' to 
be the one determined by the first vertex of a geodesic supported on an annular 
neighbourhood A[c) of c, which is uniquely determined by the Margulis tube of M'^ 
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corresponding to c. We can consider the same construction for Bj with j = 1, . . . , g, 
and get a split level surface S^~{n) and an extended split level surface S^~{n), this 
time using lower annuli. Also, we can regard a union of slices taken one from each 
T{Bf) (j = 1, . . . , g) as a marking on the entire S in the same way, by setting a 
transversal of each component of PrSj to be the last vertex this time. 

Recall that in the construction of model manifolds, Minsky defined the initial 
and terminal markings as the shortest markings for the conformal structures at in- 
finity. We consider a correspondence in the opposite direction. We can choose some 
positive constant Sq such that for any clean marking, there is a marked conformal 
structure on S in which all the curves (both base curves and transversals) of the 
marking have hyperbolic lengths greater than 6o- (The existence of such constant 
is easy to see since there are only finitely many configurations of clean markings 
up to homeomorphisms of S.) For each marking fi, we define the marked confor- 
mal structure m(/i) to be one for which a clean marking ^' compatible with is 
a shortest marking and such that every curve of /i' has hyperbolic length greater 
than Sq. Although there are more than one such structures, we just choose any one. 
Then there is a universal constant K depending only on 6o (and S) such that if jj,' 
is obtained from /i by one step in the resolutions T{Bi) or T{Bi) or t{BI), which 
corresponds to an elementary move of markings on S or Sj, then the TeichmiiUer 
distance between m(/i) and m{ii') is bounded by K, whatever choices of m(/i) and 
m{fi') we make. 

Now, we shall consider two sequences of markings. The first one is obtained by 
combining a sequence of markings corresponding to T(Sj) with those corresponding 
to the T{Bf) {j = q + I, . . . ,p). By our definition of markings corresponding to 
slices in T{Bj), if we choose first slice from every T{Bj), the corresponding marking 
coincides with the one corresponding to the last slice of T{Bi), where vertices on 
annular geodesies are regarded as the first ones. Therefore after the sequence of 
markings for T{Bi), we can append the one obtained by advancing slices in the 
t{BI) {j = q + 1, . . . ,p), so that we proceed at each step by advancing a slice in 
T{Bj) which is farthest from the goal, i.e. the n-th slice counted from the last one, 
up to the point where all the slices are the n-th counting from the last one. We 
denote thus obtained sequence of markings by ^^{i,n) = {^^{i,n)}. In the same 
way, we define a sequence of markings obtained by combining one corresponding to 
T(Bi) with those corresponding to T(Bj) {j = 1, . . . ,q). We denote this sequence 
by iJ,'^{i,n) = {ii'l' {i,n)}. To simplify the notation, we denote the last markings in 
l^~{i,n) and /i+(i,n) by iJ,'^{i,n) and iX^{i,n) respectively. 

For these sequences, we can construct arcs in the TeichmiiUer space as follows. 
Starting from /X]^(i, n), which is a shortest marking for rrij, we consider for each step 
Mfc («, n) fJ-k+i "■)' ^ TeichmiiUer geodesic arc connecting m{fi'j^ {i, n)) 
with TO(/i^^-|^(i, n)), and then construct a broken geodesic arc a~{i,n) connecting 
m{iJi{i, n)) to m{^^{i, n)) by joining them. Both m{iJi {i, n)) and rrij have /uj~(i, n) 
as a shortest marking, but the hyperbolic lengths of base curves of (Uj"(i,n) may 
be different in rrii and in m{^'^ {i,n)). We can connect with m{ji^ {i,n)) by 
a TeichmiiUer quasi-geodesic so that base(/zj~(i,n)) remains a shortest pants de- 
composition throughout the points on the geodesic. (The quasi-geodesic constant 
depends only on S.) We define a~{i,n) to be a broken quasi-geodesic arc obtained 
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by joining this quasi-geodesic with {i, n). In the same way, we construct a bro- 
ken quasi-geodesic arc a^{i,n) connecting rii with m{fi^{i,n)). In the case when 
either lower or upper algebraic simply degenerate ends do not exist, we define the 
corresponding a~(i, n) or (^'^{i, n) to be a constant map. 

For any n, if we take a sufficiently large i, the component of {pf^ )^^(M' n 
BK,riiM',x^)) containing {pf^')-^{g'{S)) contains all S:r(k) and with k < 

n, since the distance between Bf and {pf^ )~^{9'{S)) is uniformly bounded, and 
so are the diameters of extended level surfaces. Now, for each i, let be the 
largest number such that both S~{k) and S^{k) with all fc < are contained 
in the component of {pf^')~^{M' n 5^,^. (M', Xoo)) containing {pf^' {g' (S)) and 
are homotopic to {pf^ )^^{g'{S)). By the above observation, we have — >■ cc as 
i — )■ oo. Let af : [0, kf] T{S) be broken quasi-geodesic arcs a^(i, connecting 
m(/x^(i, rii)) with rrii^rii which are constructed as above by joining Teichmiiller 
geodesies and one quasi-geodesic, setting n above to be n^. We parametrise af so 
that the integral points in [0, kf] correspond to the endpoints of the Teichmiiller 
geodesies. We define /3i : [0,ki] QF{S) by setting f3i{t) to be qf{a~{t),af{t)), 
where ki — max{fcj^,fc~} and we assume the arcs af stay at the endpoint after t 
gets out of the domain. 

Claim 9.3. A sequence of quasi-Fuchsian group {g/(m(^^(i, rii)), TO(/i+ (i, n^))} 
converges strongly to a quasi-conformal deformation of (F, ip) after passing to a 
subsequence. 

Proof. By our definition of the function m and the argument in the proof of 
Lemma |9.2[ a uniformly bi-Lipschitz model manifold for the quasi-Fuchsian group 
qf{m{p,^{i, rii)), m{p^{i, n^))), which we denote by M'(ni), can be obtained from 
the submanifold of M^[0] cobounded by S~ [ni) and Sf{'n.i) by pasting bound- 
ary blocks corresponding to m{p,^{i, rii)) and r7i(/x+ (i, n.;)) respectively and filling 
Margulis tubes. This model manifold contains [pf^ o g'{S). It follows that for 
a fixed generator system of 7ri(S') with base point on (p^ )~-'^ o g'{S), the length of 
the shortest curve in M'(ni) representing each generator is bounded as i — >■ oo, and 
hence that qf {m,{fi^{i, Ui)) , m{p^{i, Ui))) converges algebraically after passing to 
a subsequence. Let (F',?/;') be the algebraic limit, and denote H'^/F' by Mr'. 

The geometric limit M'(noo) of the complement of boundary blocks in M'(ni) 
is embedded in M' as a submanifold, by our definition of M'(ni). For each j = 
1, . . . ,q, the intersection of pf^ {Sf{ni)) with goes deeper and deeper into B^ 
to the direction of the end Ej as i — > cx) since — >■ oo. The same holds for 
pf^ {S~{ni)) B^ for j = q + I, . . .p. Therefore the entire B^ is contained in 
M'(noo) for every j = 1, . . . ,p. 

Let V*^ (fc — 1, . . . , s) be the Margulis tube in M- corresponding to V^'' in Mi, 
and let be a component of Sf{n,) \ (Uj^iSf U Ul^^V'^). The boundary of 
lies on U^^j^9V*^, which converges geometrically to a union of annular boundary 
components of M'. Since each component of -Fi nU^^;^9V*^ does not go into Bj, its 
image under pf^ stays in a compact subset of the annular boundary component. 
Furthermore, there is a positive lower bound for the injectivity radii of the points on 
Fi since its geometric limit cannot intersect a parabolic locus of M' other than those 
in T by the assumption that there is no isolated algebraic parabolic locus. These 
imply that Fi converge geometrically to a surface F^o which is homeomorphic to Fi 
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for large i. The same holds for each component of (n-i) \ (U^^q_|_;^i?f U ^l-^i'Vf ), 
where Vf is the Margulis tube in corresponding to V./^' . Let F^^, . . . be 
such geometric limits for the components of {rii) \ [{Jj^iBf U U|^]^Vf) and 
S~{n{) \ {yJ'j^q+^B^ U yJl^i'Vf). Then, M.'{n^) is obtained by cutting M' along 
U^^j^F^^, has simply degenerate ends Ei, . . . , Ep, and is homotopy equivalent to S in 
particular. A model manifold of the geometric limit of m{fi'^(i, n^)), m{iX^(i, 11^))) 
is obtained by pasting boundary blocks homeomorphic to x [u, 1), . . . , x [u, 1) 
to ]VI'(noo) along F^^, . . . , F^, and hence is homeomorphic to 5 x (0, 1). This shows 
that the geometric limit has fundamental group isomorphic to 7ri(S'), and hence 
that the convergence is strong. The model manifold shows that the ends of Mr' 
consists of simply degenerate ends corresponding to Ei, . . . ,Ep and geometrically 
finite ends and that every parabolic locus touches one of Ei, . . . , Ep. Since the 
ending laminations oi Ei, . . . , Ep are the same as those of the corresponding ends 
of M' = H'^/r, by the ending lamination theorem due to Brock-Canary-Minsky 
[To] , we see that (F', tp') is a quasi- conf or mal deformation of (F, ip). □ 

Claim 9.4. For any sequence {ti G [0,ki]}, the sequence {/?i(ti) € QF{S)} con- 
verges algebraically to a quasi-conformal deformation of {T^ip). 

Proof. Recall that /3i{U) = qf{a~{ti),af{ti)), and that a~ and a"*" are broken 
quasi-geodesic arcs consisting of Teichmiiller geodesies with bounded lengths except 
for the first quasi-geodesics which may be long. We first assume that neither a~{ti) 
nor a'^{ti) lies on the first quasi-geodesics. In this case, since a~ {ti) and a'^{ti) lie 
on Teichmiiller geodesies with bounded length, we have only to consider the case 
when both (ti) and a~ (ti) are endpoints of Teichmiiller geodesic arcs constituting 
a~ and a'^ , i.e. the case when ti is an integer. The marking a~{ti) corresponds 
to either a slice in r(i?i) or a union of slices, taken one from each of T{Bf) {j = 
q+1, . . . ,p). This corresponds in turn to an extended level surface Sj^{ti). Similarly, 
we have an extended level surface S^{ti) from Q;+(ij). Then, we can see that 
a uniform bi-Lipschitz model manifold 'M.' {/3i{ti)) for (3i{ti) is obtained from the 
submanifold of M- cobounded by (ti) and S^{ti) by pasting boundary blocks and 
filling Margulis tubes by the argument of Lemma 19.21 Then by the same argument 
as in the previous claim, we see that {I3i{ti)} converges algebraically after passing to 
a subsequence, and the geometric limit M'o^(/3) of 'M'{f3i{ti)) contains B^,. . . ,BP. 
Since the interior blocks of M^(/3) lies in M', the ends of the algebraic limit other 
than those corresponding to Ei, . . . , Ep are geometrically finite and there are no 
extra parabolic loci. This implies that the algebraic limit is a quasi-conformal 
deformation of (F, as in the previous claim. 

Next suppose that a^{ti) lies in the first quasi-geodesic. Then all the interior 
blocks of above (pf^')"^ ° 9'{S) lie also in a model manifold M'(/3(t,)) for I3{t,) 
defined in the same way as above. Therefore, the algebraic ends of lie also in 
the model manifold M'(/3(ti)). The argument for showing that there is no extra 
parabolic loci works also in this case. We can argue in the same way also in the 
case when {ti) lies (or both a^{ti) and a^{ti) lie) in the first geodesic. □ 

Now, we shall complete the proof of Proposition lQ.ll bv setting ai{t) = Pi{kit) for 
Pi defined above and showing thus constructed arc satisfies the conditions in the 
statement. The conditions (1) and (2) have already been shown. Let us show (3). 
By our construction, the model manifold (/?(!)) has Margulis tubes V^, . . . , V* 
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and Vj', . . . , Vj' with core curves corresponding to c\, . . . ,cl and c\' , . . . ,cl' . Be- 
cause of the existence of the bricks Bj which supports with length going to 
oo, for each tube V among V^, . . . , V|; V^', . . . , Vj', we see that 5w]v[i(/3i(o))(^) 
goes to oo. Since V^, . . . , V* are also attached to the upper boundary block and 
V^', . . . , to the lower boundary block and the geometric limit coincides the al- 
gebraic limit, this is possible only when the upper boundary block split along the 
curves corresponding to c^^ , . . . , cjj and the lower one along curves corresponding to 
c{ , . . . c\ in the geometric limit. This means that the length of each of c'j^, . . . , 
with respect to n[ and that of each of c^^', . . . , cj' with respect to m[ goes to 0. 

Next we shall show the condition (4). In the case when F is a b-group, there is 
no lower algebraic simply degenerate ends for M'. By our definition of Pi, in this 
case the lower conformal structure Oi~{t) is the same as mg for every t. 

Finally, we shall verify the condition (5). Suppose, seeking a contradiction, that 
the condition (5) does not hold. Then, there exist a neighbourhood U of QH{r,ip) 
and U e [0,ki] such that (ii{ti) stays outside U for every i after passing to a 
subsequence. Now, we apply Claim [93] to see that (3{ti) converges to a point in 
QH{T,tp) after passing to a subsequence. This is a contradiction. Thus we have 
completed the proof of Proposition 19.11 

9.2. Proofs of Theorem H and Corollaries [9], [lOl 

Proof of Theorem O Having proved Proposition l9.H to prove Theorem[8l it remains 
to show that two sequences strongly converging to groups in the quasi-conformal 
deformation space of (F, -0) as constructed in the proof of Proposition 19.11 can 
be joined by arcs in small neighbourhoods of the deformation space, fixing the 
conformal structure at bottom when F is a b-group. 

Let {(Gi,<^i)} and {{Hi.Lpi)} be two sequences of quasi- Fuchsian groups both 
of which converge algebraically to quasi-conformal deformations of (FjT/;). Let 
and be model manifolds for H'^/Gi and V? /Hi constructed as in Lemma 
19. 2i converging geometrically to model manifolds M' and N' for the geometric 
limits of {Gi} and {Hi} respectively. Since the algebraic limits of {{Gi,(f)i)} and 
{{Hi,tpi)} are quasi-conformally equivalent, M' and N' have the same number of 
algebraic simply degenerate ends with the same ending laminations Ai, . . . , Ap. As 
in Proposition 19.11 we renumber them so that those having Ai, . . . , Aq as ending 
laminations are upper whereas the rest are lower. In particular, we can assume 
that the union of the boundary components T touching these ends, which was 
defined in the proof of Proposition 19.11 is the same for M' and N' as open annuli 
in X [0,1]. 

Let {(G-,(^-) = qf{rh^,ni)} and {{Hl,(p'^) = qf{fii,Di)} be two strongly conver- 
gent sequences as constructed in Proposition 19.11 for two sequences {{Gi,(j)i)} and 
{{Hi,(pi)}. Recall that in the construction of such a sequence in Proposition 19. 1[ 
we took a number n^. Note that the construction works if we take a number smaller 
than rij for each i provided that the number goes to oo. Therefore, we can let the 
number be common to both G^ and H'^. Let M'(ni) and N'(ni) be model man- 
ifolds for them as in the proof of the proposition. Then both M'(ni) and N'(ni), 
regarded as embedded in x [0, 1], have the following properties. There are unions 
of Margulis tubes and coming from T in M'(ni) and N'(ni) respectively, 
which can be assumed to correspond to the same union of solid tori in S* x [0, 1]. 
As in the proof of Proposition 19. 11 the complements M'(ni) \ and N'(ni) \ V- 
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have decompositions into bricks among which there are Bj = S-' x in M'(ni) 

and Bj = x Jj in N'(ni) on the same side of the preimages of the standard 

algebraic immersions. The bricks Bj and Bj contain tube unions corresponding 

to geodesies jj and jj supported on whose lengths go to oo. Furthermore, 
7 ' 7" 

for each of 7/ and ^yj , one of the endpoints stays in a compact set and the other 

7' 7' 7" i"\ 

endpoint (which we denote by bj for jj and bj for 7^ ) goes to the ending lami- 

' 7 " 

nation as i — > 00. Also, the tube unions put in Bj and Bj induce hierarchies 

7' j" ■ . . .1' 7" 

hj and hj on with main geodesies 7/ and 7^ respectively. 

In the following, we only consider the case when the end of M' (hence also that 

of N') having Xj as the ending lamination is an upper end, i.e. j = 1, . . .q. The 

case when it is an lower end can be dealt with just by turning everything upside 

down as usual. Let /i+ (z, rii) be a sequence of markings which we constructed as in 

the proof of Proposition 19. II for N', corresponding to fJ,^{i, n.i) there for M'. In the 

construction of M'(ni) and N'(ni) in the proof of Proposition 19. 11 the last slices of 

hj and hj correspond to the restrictions of the last terms fJ,^{i, n^) and {i^ n^) 
of the sequences of markings /i+(i,ni) and /i'^'(z,ni). 

Since the length of the frontier of goes to with respect to both fii and Vi, 
we can assume that the length of each component of E-' with respect to fii is equal 
to that with respect to Vi without changing the algebraic limit and the structure of 
the model manifolds except for the boundary blocks. 

Now, we connect the endpoints &^ and 6] by a tight sequence 7^ = {c\^ . . . , c^. } 
in CC{Y.j). By the hyperbolicity of CC(S^), for every integer Si between 1 and Ui, 
the simplex c*. also converges to the lamination Aj as i — )■ 00. By letting /zj^(i,ni) 
and /i+,'(i,ni) be the initial and terminal markings respectively, we can regard 
7i as a tight geodesic, and there is a hierarchy h{-^i) on Sj which has 7^ as its 
main geodesic. Considering a resolution of this hierarchy h^'ji), we can connect 
/Lt+,(i, rii) with fJ.^'{i, Ui) by elementary moves of markings, and correspondingly hi 
with hi\{S\T,^)Ui'i\T,^ by a piecewise Teichmiiller geodesic arc Si : [0,Wi] -^T{S). 
Since every c* . converges to Xj and the structure of M^(ni) outside B^ is unchanged, 
we see that qf(mi,Si{ti)) converges to (P, strongly. By the same argument as 
in the proof of Proposition 19. 11 we see that for any neighbourhood U of QH(r, 
the arc qf{fhi, 6i[0, Wi]) is contained in U for large i. 

We repeat the same procedure for each j = 1, . . . ,p. Then, we get an arc a'i 
connecting qf{m„ n,) and g/(m,|(5 \ U^^^+iS^) U U^^^^^ E^', n,|(S'\ Uj^iS^) U 
'^i\^^j=i S-') such that for any neighbourhood U of QH(r, the arc is contained 
in t/ for sufficiently large i. Since all of the 771^1(5 \U^^q^jS^ ) , the /ii|(5'\U^^^_|_;^I]^ ), 
hi\{S\U^^-^^'Sj), and i^iliSXU^^-^T,^) are bounded in the Teichmiiller spaces with free 
boundary, and the lengths of the boundary components are the same for fhi and 
fti and for hi and Vi, we can deform qf(rhi\{S \ U^^^^j^S-') U p,i\ 'S^ ,hi\{S \ 

Uj=iS^) U Dil ii^^i ^j) to qf{jli,Di) by a uniformly bounded quasi-conformal de- 
formation. Thus, we have shown that we can connect {G'i^ip'i) — qf{hii,hi) with 
{H-,tpl) = qf{jli,i?i) with an arc ai in QF{S) such that for any neighbourhood 
U of QH{T,ip), the arc ai is contained in U large i. On the other hand, by our 
definition of {hii,hi) and (pijVi), there are arcs with such a property connecting 
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{Gi.cjii) with (G-,(?!)-) and {Hi,^pi) with Therefore, connecting these three 

arcs, we get an arc as we wanted. 

In the case when F is a b-group, by Theorem[71 the fower conformal structures at 
infinity of both {Gi,4n) and {Hi,^Ji) converge to mo. Therefore, we can construct 
an arc as above keeping the lower conformal structures in an arbitrarily small 
neighbourhood of mo for large i. This shows the second paragraph of our theorem. 

□ 

Corollary ini follows easily from this as follows. 

Proof of Corollary Suppose that any small neighbourhood of {T,ip) intersects 
more than one component of QF{S). Then there are sequences {qf{mi,ni)} and 
{qf{rhi,hi)} both converging to (r,?/;) such that qf(rni,ni) and qf{mi,hi) belong 
to different component of C/ fl QF{S) for every small neighbourhood U of (F, ip) 
in QF{S). Applying Theorem |S1 we see that qf{mi,ni) and qf{rhi,ni) must be 
connected in a small neighbourhood of QH{r,ip). In the case when every compo- 
nent of r^r/r is a thrice-punctured sphere, this is a contradiction since QH(r,ip) 
consists of only (F, tp) then. 

In the case when there is a component of ilr/F which is homeomorphic to 5, 
the Kleinian group F is a b-group. Then the second paragraph of Theorem |8] shows 
that we can connect qf{mi, Ui) to qf{rhi, hi) keeping the lower conformal structure 
within a small neighbourhood. This means that they can be connected in a small 
neighbourhood of (F, V') in QF{S). This again is a contradiction. □ 

To get Corollary [TUl we need to review the argument of the proof of Theorem |51 

Proof of Corollary \1 (A In the proof of Theorem [8l we used the assumption that F 
has no isolated parabolic loci in two places, first to show the standard immersion 
g' can be isotoped to a horizontal embedding, and secondly in the proofs of Claims 
19.31 and 19.41 to show that the limit is a quasi-conformal deformation of (F, We 
shall show how to modify the argument in the latter part first. 

In the proofs of the claims, we used the fact that all the parabolic loci of the 
algebraic limit F' of the new sequence touch simply degenerate ends, hence the 
parabolic loci of F' and F are the same. In our settings now, if we do the same 
construction, this is not the case any more. To preserve the parabolic loci through- 
out the modification of quasi-Fuchsian groups, we consider to modify the model 
manifolds M' and constructed in Lemma as follows. 

Let ci, . . . , c„ be core curves of the isolated parabolic loci of F. We renumber 
them so that ci, . . . , Ct, are upper and c^+i, are lower. These curves cor- 
respond to algebraic parabolic curves in the original model manifold M lying on 
the boundary components. For each of them we set V{cj) = A{cj) x [3/4,7/8] 
for j = l,...,v and V{cj) = ^(cj) x [1/8,1/4] for j = w + 1, . . . , u. We de- 
fine U+ to be Uj^iF(cj) and U- to be U'^^^_^_-^V (cj) . We then define M to be 
S X [1/8, 7/8] \ (T" UT+UU- U U+). This new M also have standard brick de- 
composition having five levels. Still, the bottom and top levels are changed: the 
bottom level consists of disjoint union of the Ex [1/8, 1/4] for the components E of 
S\yJ^^^j^-^A{cj), and the top level consists of the E x [3/4, 7/8] for the components 
S of S* \ Uj^^A(cj). By the same construction as in the proof of Lemma [9.2[ we 
can construct model manifolds M^. 
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This modification affects the construction of resolutions T{Bi) and T{Bi). In 
the present situation, Bi is a disjoint union of bricks of the form B^ = x 
[1/8, 1/4], . . . , = S~ X [1/8,1/4], where are the components of 

S \ Uj^,y_)_]^^(cj). Similarly, B^ is a disjoint union of bricks of the form B^ = 
S+ X [3/4, 7/8], . . . , = S+ X [3/4, 7/8], where Ej^, . . . , E+ are the components 
of \ Uj^j^yl(cj). The tube unions put into the B^ in induce hierarchies on 
the Bf. Then we get a resolution Ti{Bf) supported on E^. 

For these resolutions, we can define as follows the first parts of sequences of 
markings fi~{i,n) and ^^{i,n) using sequences determined by T{Bi) and T{Bi). 
Each slice in Ti{B~) determines a marking on E". We extend markings deter- 
mined by slices in Ti{B^), . . . ,Ti{B~) by letting Ci,+i, . . . ,c„ also be base curves 
and setting their transversals to be the first vertex on the geodesies supported on 
A{ci), . . . , A{cv)- We move markings by one step by advancing one of the slices in 
the resolutions of Ti{B^), . . . , Ti{B~), not touching c^+i, . . . , c„. We append a se- 
quence of markings determined by t{B1^ ), . . . T{Bf) as in the proof of Proposition 
19.11 Similarly, we define n) by defining its first part using Ti{Bf), . . . , Ti[B^), 
and last vertices on geodesies supported on A{ci), . . . , A{cy). 

We also need to modify the definition of the function m. For each ^ in n), 
we define to be a point in T{S) such that a clean marking compatible with 

/X is a shortest marking in {S,m(fi)), and the lengths of c^^i, . .. ,Cu are equal to 
those with respect to rrii. We define m for /i G fi'^{i,n) similarly. Then the rest of 
the construction in the proof of Proposition 19.11 works without any change. The 
algebraic limits appearing Claims 19.31 and 19.41 has ci , . . . , c„ as parabolic elements 
since their lengths go to as i — > oo whatever point you choose on a~ or by 
our definition of m as above. 

It remains to show that the standard immersion g' does not go around a torus 
boundary component in M' in our setting. We consider first the case when F is 
a b-group. Let {(Gj,0j) = qf{mo,ni)} and {{Gi,4>i) = qf{mQ,ni)} be sequences 
in the Bers slice converging to (F,^). Let M' and M' be model manifolds for 
geometric limits Goo and of {Gi} and {G-}, which are geometric limits of the 
model manifolds M'^ and constructed as above respectively. Let : 5 — >■ M' 
and g' : S ^ M' be standard algebraic immersions. Since the lower geometrically 
finite ends must be lifted to the algebraic limits, neither g' nor g' can go around 
torus boundary components, hence homotopic to horizontal surfaces in M' and M' 
respectively. Therefore the argument of the proof of Theorem |8] works, and we see 
that for any neighbourhood U of (F, ip), there is an arc ai connecting (Gi, and 
(Gi, 4>i) in the Bers slice U n Bmo- 

Next suppose that F is not a b-group. Let {{Gi,<j)i) G QF{S)} be a sequence 
converging to (F,^). Again, we have only to show that a model manifold M' of 
the geometric limit of G^, a standard algebraic immersion does not go around a 
torus boundary component. Suppose that g' goes around a torus component T of 
M' counter-clockwise. Let c be a longitude of T. Since g' goes around T counter- 
clockwise, c represents on S an upper parabohc locus of Air — H'^/F. 

Since we assumed that fir/P consists of thrice-punctured spheres, there is either 
a lower parabolic locus d or an ending lamination A of a lower end, intersecting c 
essentially. If there is a lower parabolic locus d, then there is a boundary component 
T' of M whose core curve or a longitude is homotopic to g'{d) and which is situated 
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below g'{S). This is impossible since g' goes around T whose longitude intersects d 
essentially on S. If there is an ending lamination A, then there is a algebraic simply 
degenerate end S x {s,t\ having A as the ending lamination. Then Ex {s + e} 
must be homotopic to (/'(S). Again this is impossible since g' goes around T whose 
longitude intersects A essentially on S. Thus, we are lead to a contradiction in 
either case, and see that g' cannot go around a torus boundary component counter- 
clockwise. The case when g' goes around a torus boundary component clockwise 
can be deal with in the same way just by turning everything upside down. □ 

10. Proof of Theorems ITT] and [T2] 

10.1. Proof of Theorem llll After passing to a subsequence, {Gi} can be as- 
sumed to converge geometrically to a Kleinian group Goo containing F as be- 
fore. This induces a pointed Gromov convergence of {Mi,yi) to {MocUoo) with 
Moo = IH^/Goo- Let M be a model manifold of (H^/Goojo, and that of 
(Mj)o = (]BI^/Gi)o as before. As in Lemma 14.41 we take a standard algebraic 
immersion g' : S M. Then Mi[0] converges geometrically to M[0] by taking a 
basepoint Xi in which is mapped to a point within uniformly bounded distance 
from the basepoint j/i of Mi. 

Let E be an algebraic simply degenerate end of M with ending lamination A^;, 
and B = H X J a brick of M containing E. We assume that E is an upper end. 
The case when is a lower end can be argued in the same way by just turning 
everything upside down as usual. Then by Proposition l4.9[ there is a tight geodesic 
7i in CC(S) one of whose endpoints converges to As as i — )■ oo. In the case when 7^ 
is a geodesic ray, its endpoint at infinity is an ending lamination of an upper end 
of Mi, which is contained in e+(i). Therefore, we see that As is contained in the 
Hausdorff limit of e+(i). 

Next suppose that 7^ is a finite geodesic. Then, by Theorem 3.1 and §6 of Masur- 
Minsky [27], the last vertex and the 7rs(e+(i)) are within uniformly bounded dis- 
tance, and hence the endpoint of 7^ and 7rs(e+(i)) converge to the same lamination 
Xe with respect to the topology oi UM£{T,). Since Xe is arational, we see that 
the Hausdorff limit of e+(i)|S contains A^;. 

The converse can be shown by the same argument as the proof of Theorem l5.2l 
Also, we can show that every upper isolated parabolic locus cannot intersect a 
minimal component of e+(oo) in the same way as in the proof of Theorem 15.21 

10.2. Proof of Theorem 1121 Suppose, seeking a contradiction, that a sequence 
{{Gi, (pi)} as in the statement converges. Let M be a model of the geometric limit 
(EII'^/Goo)o as usual. Then by Theorem II 11 A is an ending lamination of an upper 
end and fi is an ending lamination of a lower end. This implies the shared boundary 
component of the minimal supporting surface of is a parabolic locus which is both 
upper and lower. This is impossible, and we have completed the proof of Theorem 

References 

[1] W. AbikofE, On boundaries of Teichmiiller spaces and on Kleinian groups. III. Acta Math. 
134 (1975), 211-237. 

[2] J. Anderson and R. Canary, Algebraic limits of Kleinian groups which rearrange the pages 
of a book. Invent. Math. 126 (1996), 205-214. 



QUASI-FUCHSIAN SPACES 



53 



[3] J. Anderson and C. Lecuire, Strong convergence of Kleinian groups: the cracked eggshell, 
larXiv: 1003. 18431 

[4] L. Bers, On boundaries of Teichmiiller spaces and on Kleinian groups. I. Ann. of Math. (2) 
91 (1970), 570-600. 

[5] , Uniformization, moduli, and Kleinian groups. Bull. London Math. Soc. 4 (1972), 

257-300 

[6] F. Bonahon, Bouts des varietes hyperboliques de dimension 3, Ann. of Math. 124, (1986) 
71-158 

[7] J. Brock, Continuity of Thurston's length function, Geom. Funct. Anal. 10, (2000), 741-797. 

[8] and K. Bromberg, On the density of geometrically finite Kleinian groups. Acta Math. 

192 (2004), no. 1, 33-93. 
[9] , , R. Canary, and Y. Minsky, Local topology in deformation spaces of hyper- 
bolic 3-manifolds, larXiv:0911. 14321 

[10] , R. Canary, and Y. Minsky, The classification of Kleinian surface groups, II: the 

ending lamination conjecture, preprint, arXiv: math.GT/0412006 
[11] K. Bromberg, Drilling short geodesies in hyperbolic 3-manifolds, Spaces of Kleinian groups 
London Math. Soc. Lecture Note Ser., 329 (2006) 1-27. 

[12] , Projective structures with degenerate holonomy and the Bers density conjecture. 

Ann. of Math. (2) 166 (2007), no. 1, 77-93 

[13] , The space of Kleinian punctured torus groups is not locally connected, 

larXiv:0901. 43061 

[14] R. Canary, A covering theorem for hyperbolic 3-manifolds and its applications. Topology 35 
(1996), 751-778. 

[15] , Introductory bumponomics, the topology of deformation space of hyperbolic 3- 

manifolds, Teichmuller Theory and Moduli Problem, ed. by I. Biswas, R. Kulkarni and S. 

Mitra, Ramanujan Mathematical Society, (2010), 131-150 
[16] M. Coornaert, T. Delzant and A. Papadopoulos, Geometric ct theorie des groupes, Les 

groupes hyperboliques dc Gromov, Lecture Notes in Mathematics, 1441 (1990) Springer- 

Verlag, Berlin, x-|-165 pp 
[17] D.B.A. Epstein and A. Marden, Convex hulls in hyperbolic space, a theorem of Sullivan, 

and measured pleated surfaces Analytical and geometric aspects of hyperbolic space, London 

Math. Soc. Lecture Note Ser., Ill (1987), 113-253. 
[18] A. Fathi, V. Poenaru, et F. Laudenbach, Travaux de Thurston sur les surfaces, Seminaire 

Orsay, Asterisque 66-67, (1979). 
[19] W.J. Harvey, Boundary structure of the modular group, Riemann surfaces and related topics, 

Ann. of Math. Stud., 97 (1981), 245-251. 
[20] K. Ito, Convergence and divergence of Kleinian punctured torus groups, preprint 
[21] E. Klarreich, The boundary at infinity of the curve complex and the relative Teichmiiller 

space, preprint 

[22] G. Kleineidam and J. Souto, Algebraic convergence of function groups. Comment. Math. 

Helv. 77 (2002), no. 2, 244-269 
[23] C. Lecuire, An extension of the Masur domain. Spaces of Kleinian groups, 49-73, London 

Math. Soc. Lecture Note Ser., 329, Cambridge Univ. Press, Cambridge, 2006 
[24] A. Magid, Deformation spaces of Kleinian surface groups are not locally connected, 

arXiv: 1003.4541 

[25] A. Marden, Outer circles. An introduction to hyperbolic 3-manifolds. Cambridge University 

Press, Cambridge, 2007. xviii-|-427 pp 
[26] H. Masur and Y. Minsky, Geometry of the complex of curves. I. Hyperbolicity. Invent. Math. 

138 (1999), 103-149 

[27] and , Geometry of the complex of curves. II. Hierarchical structure. Geom. 

Funct. Anal. 10 (2000), 902-974. 
[28] C. McMuUen, Complex earthquakes and Teichmiiller theory. J. Amer. Math. Soc. 11 (1998), 

283-320. 

[29] Y. Minsky, The classification of Kleinian surface groups I, Ann. Math. 171 (2010), 1-107 
[30] H. Namazi and J. Souto, Non-realizability, ending laminations and the density conjecture, 
preprint 

[31] K. Ohshika, Limits of geometrically tame Kleinian groups. Invent. Math. 99 (1990), 185-203. 



54 



KEN'ICHI OHSHIKA 



[32] , Ending laminations and boundaries for deformation spaces of Kleinian groups. J. 

London Math. Soc. (2) bf 42 (1990), 111-121. 
[33] , Divergent sequences of Kleinian groups, The Epstein birthday schrift Geom. Topol. 

Monogr, 1, Geom. Topol. , Univ. Warwick, Coventry, (1998), 419-450. 
[34] Realising end invariants by limits of minimally parabolic, geometrically finite groups, 

to appear in Geometry and Topology (2011) 

[35] and T. Soma, Geometry and topology of geometric limits, preprint, arXiv:1002.4266] 

[36] J-P. Otal, Sur le nouage des geodesiques dans les varietes liyperboliques, C. R. Acad. Sci. 

Paris Ser. I Math. 320 (1995), 847-852 
[37] D. Sullivan, On the ergodic theory at infinity of an arbitrary discrete group of hyperbolic 

motions, Riemann surfaces and related topics, Ann. of Math. Stud., 97, (1981), 465-496. 
[38] W. Thurston, The geometry and topology of 3-manifolds, Princeton Univ. Lecture Notes. 
[39] , Hyperbolic structures on 3-manifolds II : Surface groups and 3-manifolds which fiber 

over the circle, preprint, ArXiv math.GT/9801045 
[40] , Minimal stretch maps between hyperbolic surfaces, preprint, ArXiv 

|math.GT/9801039| 

Department of Mathematics, Graduate School of Science, Osaka University, Osaka 
560-0043, Japan 



